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Abstract 

The expansion in quantum field theory is formulated within an algebraic 
framework. For a scalar field taking values in the N hy N hermitian matrices, we 
rigorously construct the gauge invariant interacting quantum field operators in the 
sense of power series in 1/N and the 't Hooft coupling parameter as members of 
an abstract *-algebra. The key advantages of our algebraic formulation over the 
usual formulation of the expansion in terms of Green's functions are (i) that 
it is completely local so that infra-red divergencies in massless theories are avoided 
on the algebraic level and (ii) that it admits a generalization to quantum field 
theories on globally hypberbolic Lorentzian curved spacetimes. We expect that our 
constructions are also applicable in models possessing local gauge invariance such 
as Yang-Mills theories. 

The expansion of the renormalization group flow is constructed on the al- 
gebraic level via a family of *-isomorphisms between the algebras of interacting 
field observables corresponding to different scales. We also consider fc-parameter 
deformations of the interacting field algebras that arise from reducing the symme- 
try group of the model to a diagonal subgroup with k factors. These parameters 
smoothly interpolate between situations of different symmetry. 



1 Introduction 

A common strategy to gain (at least approximate) information about physical models is 
to expand quantities of interest in terms of the parameters of the model. For example 
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in perturbation theory, one expands in terms of the couphng parameter(s) of the theory. 
In quantum theories, it is sometimes fruitful to expand in terms of Planck's constant, 
h. The key point in all cases is that the theory one is expanding about — often a linear 
theory in the first example, and the classical limit in the second example — is under better 
control, and that there exist, in many cases, systematic and constructive schemes to 
calculate the deviations order by order. Another such expansion that has by now become 
standard in quantum field theory is the expansion in where N describes the number 
of components of the field(s) in the model. As in the previous two examples, the theory 
that one expands about, i.e., the large N limit, is often somewhat simpler than the theory 
at finite N, and can sometimes even be solved exactly. (Just as an example, it can 
happen ^7] that the large N limit of a non-renormalizable theory is renormalizable, and 
the 1/A^-corrections remain renormalizable.) 

The 1/N expansion in quantum field theory was first introduced by 't Hooft ^3] in 
the context of non-abelian gauge theories. He observed that, if one explicitly keeps track 
of all factors of in the perturbative expansion of a connected Green's function of gauge 
invariant interacting fields, then the series can be organized as a power series in 1/A^, 
provided that the coupling parameter of the theory is also chosen to depend on A^ in a 
suitable way. Moreover, he showed that the Feynman diagrams associated with terms at a 
given order in 1/A^ can naturally be related to Riemann surfaces with a number of handles 
equal to that order. Thus, in the 1/A^ expansion of this model, the leading contribution 
corresponds to planar diagrams, the subleading contribution to diagrams with a toroidal 
topology, etc. 

The usual schemes for calculating the Green's functions in perturbation theory im- 
plicitly assume that the interacting fields approach suitable "in" -fields in the asymptotic 
past, which one assumes can be identified with the fields in the underlying free field the- 
ory that one is expanding about. The existence of such "in" -fields is closely related with 
the possibility to interpret the theory in terms of particles, and with the existence of an 
S'-matrix. However, none of these usually exist in massless theories. Thus, the formula- 
tion of the 1/A^ expansion in terms of Green's functions is potentially problematical in 
massless theories. These problems come into even sharper focus if one considers theories 
on non-static (globally hypberbolic) Lorentzian spacetimes. Here there is not, in general, 
available even a preferred vacuum state based on which to calculate the Green's func- 
tions. Moreover, one would certainly not expect the fields to approach free "in" -fields in 
the asymptotic past for example in spacetimes that do not have suitable static regions in 
the asymptotic future and past (such as our very own universe). 

A strategy to avoid these difficulties has recently been developed in [Hlllj. The new idea 
in those references is to construct directly the interacting field operators as members of 
some *-algebra of observables, rather than trying to construct the Green's functions. The 
key advantage of this approach is that, as it turns out, the interacting fields operators can 
always be defined in a completely satisfactory way, without any reference to an imagined 
(in general non-existent) "in"-field, or "in"-states in the asymptotic past. Consequently, 
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infra-red problems do not arise on the level of the interacting field observables and their 
associated algebras^. Not surprisingly, these ideas have also been a key ingredient in the 
construction of interacting quantum field theories in curved spacetimes [HI [l2l Unj . 

The purpose of this article is to show that it is also possible to formulate the 
expansion directly in terms of the interacting fields and their associated algebras of ob- 
servables to which these fields belong, thereby achieving a complete disentaglement from 
the infra-red behavior of the theory. We will consider in this article explicitly only the 
theory of a scalar field in the N (g) N representation of U{N) on Minkowski space. How- 
ever, since our algebraic construction is done without making use of any of the particlular 
features of Minkowski space, it can be generalized to arbitrary Lorentzian curved space- 
times by the methods of |21 HH IHJ. Also, we expect that our methods are applicable 
to models with local gauge symmetry such as Yang-Mills theories, although the algebraic 
construction of the interacting fields in such theories is more complex due to the presence 
of unphysical degrees of freedom, and still a subject of investigation, see e.g. |H| IT!H I7j. 

We now summarize the contents of this paper. In section 2 we review, in a pedagogical 
way, the construction of the field observables and the corresponding algebra associated 
with a single, free hermitan scalar field 0. This algebra is sufficiently large to contain 
the Wick powers of and their time ordered products, which are required later in the 
construction of the corresponding interacting quantum field theory. A description of the 
properties of these objects and their construction is therefore included. 

In section 3, we generalize these constructions to a free scalar field in the N ® N 
representation of U{N), and we show how to construct the expansion of this theory 
on the level of field observables and their associated algebras. 

In section 4, we proceed to interacting quantum field theories. Based on the algebraic 
construction of the underlying free quantum field theory in section 3, we construct the 
interacting quantum fields as formal power series in and the 't Hooft coupling as 
members of a suitable algebra Ay, where is a gauge invariant interaction. The contri- 
butions to these quantities arising at order H in the 1/N expansion correspond precisely 
to Feynman diagrams whose toplogy is that of a Riemann surface with H handles. We 
point out that the algebras Ay also incorporate an expansion in h ( "loop-expansion" ) j3] , 
as well as by construction an expansion the coupling parameters appearing in V. There- 
fore, the construction of Ay in fact incorporates all three expansions mentioned at the 
beginning. 

In section 5 we review, first for a single scalar field, the formulation of the renormal- 
ization group in the algebraic framework ^0] that we are working in. We then show that 
this construction can be generalized to an interacting field in the N ® N representation 
of U{N) with gauge invariant interaction, defined in the sense of a power series in 
The renormalization group map, is therefore also defined as a power series in 

^Such divergences will arise, if one tries to construct (non-existent) quantum states in the theory 
corresponding to "free incoming particles" . 
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In section 6, we vary the constructions of sections 3 and 4 by considering interactions 
that are invariant only under some subgroup of U{N). We show that, for a diagonal sub- 
group with k factors, the algebraic construction of the expansion can still be carried 
through, but now leads to deformed algebars of interacting field observables which are la- 
beled by k real deformation parameters associated with the relative size of the subgroups. 
These parameters smoothly interpolate between situations of different symmetry. The 
contributions to an interacting field at order H in are now associated with Riemann 
surfaces that are "colored" by k "spins" , where each coloring is weighted according to the 
values of the deformation parameters. 



2 Algebraic construction of a single scalar quantum 



The perturbative construction of an interacting quantum field theory is based on the 
construction on the corresponding free quantum field theory, and we shall therefore begin 
by considering free fields. In this section, we will review how to define an algebra of 
observables associated with a single free hermitian Klein-Gordon field of mass m, described 
by the the classical action^ 



which is large enough in order to contain the Wick powers and the time ordered products 
of the field 0. Our review is essentially self-contained and follows the ideas developed 
in in Uni HU 1121 IHj, which the reader may look up for details. 

For pedagogical purposes, we begin by defining first a "minimal algebra" of observables 
associated with the action (^. Consider the free *-algebra over the complex numbers 
generated by a unit 1 and formal expressions </>(/) and where / and h run through 

the space of compactly supported smooth testfunctions on M.'^. The minimal algebra is 
obtained by factoring this free algebra by the following relations. 

1. (linearity) (p{af + hh) = a(f){f) + b(f){h) for all a, 6 G C and testfunctions /, h. 

2. (field equation) 0((9^9^ — m?')f) = for all testfunctions /. 

3. (hermiticity) 0(/)* = 0(/). 

4. (commutation relations) [0(/),0(/i)] = iA{f,h) ■ 1, where A{f,h) is the advanced 
minus retarded propagator for the Klein-Gordon equation, smeared with the test- 
functions / and h. 

^Our signature convention is — h + + . . . . 



field 
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We formally think of the expressions as the "smeared" quantum fields, i.e., the 
integral of the formal^ pointlike quantum field against the test function /, 

= / <jy{x)f(x) d'x. (2) 

The linearity of the expression 0(/) in / corresponds to the linearity of the integral. 
Relation 2) is the field equation for (p{x) in the sense of distributions, i.e., it formally 
corresponds to the Klein-Gordon equation for 4>{x) via a partial integration. Relation 
3) says that the field is hermitian and relation 4) implements the usual commutation 
relations of the free hermitian scalar field on d-dimensional Minkowski spacetime. 

The minimal algebra is too small for our purposes. It does not, for example, contain 
observables corresponding to Wick powers of the field (p at the same spacetime point, nor 
their time ordered products. These are, however, required if one wants to construct the 
interacting quantum field theory perturbatively around the free theory. We now construct 
an enlarged algebra, W, which contains elements corresponding to these observables. For 
this purpose, it is useful to first present the minimal algebra in terms of a new set of 
generators, defined by Wq = 1, and 

a 

, F = 5^AJ,, (3) 

Ai=0 

where A_|_ is any distribution in 2 spacetime variables which is a solution to the Klein- 
Gordon equation in each variable, and which has the property that its antisymmetric 
part is equal to {i/2)A. In particular, we could choose A_|_ = {i/2)A at this stage, but 
it is important to leave this choice open for later. It follows from the definition that 
Wi{f) = 4>{f), that the quantities Wa are symmetric under exchange of the testf unctions, 
and that 

Waifl Waih <8) • • • /a), M^a(/l " " " {O'^O^ - m^)fi •.•/„)= 0. (4) 

Using the algebraic relations l)-4), one can express the product of two such quantities 
again as a linear combination of such quantities, 

Waifl ^ • • • ® /a) • Wb{hi ® • • • ® /ib) 

= n ^+{fk:hl)-Wc{®i^V^fi®®jtV,hj), (5) 

V {k,i)ev 

where the following notation has been used to organize the sum on the right side: We 
consider sets V of pairs (i, j) e {1, . . . , a} x {1, . . . , b}; we say that i ^ Pi if there is no j 

■^Sincc A is a distribution, relation 4) implies that the field (p necessarily has a distributional character. 
Therefore, the field only makes good mathematical sense after smearing with a test function. 



Waih 



fa) = HT 
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such that G V, and we say j ^ V2 if there is no i such that G V. The number 
c is related to a and 6bya + 6 — c = 2\V\, where \V\ is the number of pairs in V. 

It is easy to see that relations Q and (jSj) form an equivalent presentation of the 
minimal algebra, i.e., we could equivalently define the minimal algebra to be the abstract 
algebra generated by the elements Wa{<^ifi), subject to the relations (jl} and instead 
of defining it as the algebra generated by 0(/) subject to the relations l)-4) above (this 
is true no matter what the particular choice of A_|_ is). Thus, all we have done so far is 
to rewrite the minimal algebra in terms of different gerenators. 

To obtain the desired extension, W, of the minimal algebra, we now choose a distri- 
bution A+ which is not only a bisolution to the Klein-Gordon equation with the property 
that its antisymmetric part is equal to (i/2)A, but which has the additional property that 
that it is of positive frequency type in the first variable and of negative frequency type 
in the second variable. This condition is formalized by demanding that the wave front 
set^ WF(A+), (for the definition of the wave front set of a distribution, see p|) has the 
following, so-called "Hadamard", property 

WF(A+) c {(xi,X2;pi,P2) e (M'^ x R"') x (R'^ x R-^V (0,0)) | 

Pi = -P2,{xi-X2y = 0,pieV+}=C+, (6) 

where denote the closure of the future resp. past lightcone in R"'. The key point 
is now that the relations and © make sense not only for test functions of the form 
/i C?) ■ ■ ■ ® /a, but even much more generally for any test distribution, t, in the space S'^^ 
of compactly supported distributions in a spacetime arguments which have the property 
that their wave front set does not contain any element of the form (xi, . . . , . . . ,Pn) 

such that all pi are either in the closure of the forward lightcone, or the closure of the 
past light cone, 

g'^ = {te ^'(x^'M^) I t comp. supp., WF(t) has no element 

in common with (x^R"^) x (x'"l7+) or {x^R'^) x (x^V^)}. (7) 

Indeed, these conditions on the wave front set on the t, together with the wave front set 

properties © of A+ can be shown to guarantee that the potentially ill defined products 

of distributions occurring in a product Wait) ■ Wb{s) are in fact well-defined and are such 

that the resulting terms are each of the form Wc{u), with u again an element in the space 
f 5 

We take W to be the algebra generated by symbols of the form Wait), t G S'^, subject 
to the relations Q and (0), with ®ifi in those relations replaced by distributions in the 

"^It can be shown that the wave front set of a distribution is actually invariantly defined as a subset 
of the cotangent space of the manifold on which the distribution is defined. The set © should therefore 
be intrinsically thought of as a subset of T*{R'^ x R'^). 

^We note that the wave front set of (i/2)A is not of Hadamard type, and A-|_ — (i/2)A is not a 
possible choice in the construction of W. 
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spaces £'^. Our definition of the generators Wait) depends on the particular choice of A+. 
However, as an abstract algebra, W is independent of this choice [llj. To see this, choose 
any other bidistribution A'^_ with the same wave front set property as A+, and let W be 
the corresponding algebra with generators W^it) defined as in eq. (jH)). Then W and W 
are isomorphic. The isomorphism is given in terms of the generators 



where F = — A^, and where is the compactly supported distribution on 

y^a-2n^d defined ^y 



. . . ,7/a_2„) = / . . . ,a;2„,|/l, . . . ,|/a-2n) J^d'^Xj. (9) 



(That this distribution is in the class Sa_2n follows from the wave front set properties of 
A+, A'_,_, which, together with the wave equation imply that F is smooth.) 

This completes our construction of the algebra of quantum observables for a sin- 
gle Klein-Gordon field associated with the action (^. Quantum states in the algebraic 
framework are by definition linear functionals : W ^ C which are positive in the 
sense that uj{A*A) > for all A G W, and which are normalized so that ti;(l) = 1. 
This algebraic notion of a quantum state encompasses the usual Hilbert-space notion of 
state, in the sense that any vector or density matrix in a Hilbert-space on which the 
elements of W are represented as linear operators defines an algebraic state in the above 
sense via taking expectation values. Conversely, given an algebraic state u, the GNS- 
construction yields a representation vr on a Hilbert space Ti containing a vector \Q) such 
that uj{A) = {Q\'7i{A)\Q). Note, however, that it is not true that any state on W arises 
in this way from a single, given Hilbert-space representation (this is closely related to the 
fact that W has (many) inequivalent representations). The algebra W can be equipped 
with a unique topology that makes the product and *-operation continuous fTV, , and the 
notion of a continuous state on W can thereby be defined. The continuous states a; on W 
can be characterized entirely in terms of the n-point distributions uj{(f){xi) ■ ■ -(^(x^)) of 
the field (p. Moreover, it can be shown ^3], that the continous states are precisely those 
for which the 2-point distribution has wave front set eq. (jH)), and for which the so-called 
"connected" n-point distributions are smooth for n 7^ 2. 

The invariance of the action under the Poincare-group is refiected in a corre- 
sponding invariance of W, in the sense that W admits an automorphic action of the 
Poincare-group: For any element {A, a} of the Poincare group consisting of a proper, 
orthochronous Lorentz transformation A and a translation vector a G Mf^, there is an 
automorphism a{A,a} on W satisfying the composition law a{A,a} ° «{A',a'} = «{A,a} {A',a'}- 
The action of this automorphism is most easily described if we choose a A+ which is in- 
variant under the Poincare-group. (Since W is independent of the choice of A+, we may 
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do so if we like.) An admissible® choice for A+ with the above properties is the Wightman 
function of the free field, 

A^{x, y) = ^("^)(a: - y) ^ — ^ / 6{p' - m^'^^^-y^ d'p. (10) 
With this choice, the action of a{A,a} is simply given by^ 

«{A,a}(W^a(t)) = W^a(to{A,a}). (11) 

Furthermore, with this choice for A_|_, the generators Wa{t) correspond to the usually 
considered normal ordered products of fields, 

a 

Wa{fl^■■■®fa)=■■l[<Pif^)■., (12) 

i=l 

and the product formula ^ simply corresponds to "Wick's theorem" for multiplying to 
Wick-polynomials. 

Since Wi{f) = (f){f), the enlarged algebra W contains the minimal algebra generated 
by the free field </>(/) as a subalgebra. In fact, W also contains Wick powers of the field 
at the same spacetime point as well as their time-ordered products, which are not in 
the minimal algebra. These objects can be characterized axiomatically (not uniquely, 
as we shall see) by a number of properties that we will list now. In order to state these 
properties of in a convenient way, let us introduce the vector space V whose basis elements 
are labelled by formal products of the field and its derivatives, 

V = span{0 = l[d,,---d,J}, (13) 

so that each element of V is given by a formal linear combination ^ gjC>j, gj G C. We refer 
to the elements of V as "formal" field expressions, because no relations such as the field 
equation are assumed to hold at this stage. Consider, furthermore, the space ^{R^; V) 
of smooth functions of compact support whose values are elements in the vector space V. 
Thus, any element F G ^(M°'; V) can be written in the form F{x) = ^/j(x)(9j, where 
Oi are basis elements in V, and where /j are complex valued smooth functions on M.'^ of 
compact support. 

We view the Wick powers as linear maps 

^(M'^; V) ^ W, fO^ 0{f) (14) 

^That the wave front set of the Wightman function is equal to jnj is proved e.g. in jl8| . 

^That t o {A, a} is again an element of is a consequence of the covariant transformation law 
WF(/*t) = /*WF(t) of the wave front set [5], where / can be any diffeomorphism, together with the 
fact that the future/past lightcones are preserved under the action of the proper, orthochronous Poincare 
group. On the other hand, a Lorentz transformation reversing the time orientation does not preserve the 
spaces 8'^ and consequently does not give rise to an automorphism of W. 
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and the n-fold time ordered products as multi linear maps 

T : x"^(M'^; V) ^ W, (/i^i, . . . , fA) ^ T( J] 



(15) 



Time ordered products with only one factor are required to be given by the corresponding 
Wick power, 

T{fO) ^ 0{f). (16) 

The further properties required from the time ordered products (including the Wick pow- 
ers as a special case) are the following^: 

(tl) (symmetry) The time ordered products are symmetric under exchange of the argu- 
ments. 

(t2) (causal factorization) If / is a subset of {1, ... , n}, and if the supports of {fi}i^i are 
in the causal future of the supports of {/jjje/c (/'^ denotes the complement of J), 
then we ask that 



T[\{h0A =Ti\{hOATi\{fpA 

\ i J J Xjei'^ J 

(t3) (commutator) 

k \ Mi---/^! 



(17) 



d{df,, . . . d^^c 

where we have set (A * f){x) = / A(x — y)f{y) dfiy- 
(t4) (covariance) Let {A, a} be a Poincare transformation. Then 



J n^n 



a 



{A 



(19) 



where ip'^j^^ ^| denotes the pull-back of an element in ^{W^; V) by the linear trans- 
formation X —>■ Ax + a. 



^Actually, one ought to impose additional renormalization conditions specifically for time ordered 
products containing derivatives of the fields, see e.g. [S] and JSli beyond the requirements (tl)-(t8) 
below. Such conditions are important e.g. in order to show that the field equations or conservation 
equations hold for the interacting fields, but they do not play a role in the present paper. We have 
therefore omitted them here to keep things as simple as possible. 
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(t5) (scaling) The time ordered products have the following "almost homogeneous" scal- 
ing behavior under simultaneous rescalings of the intertial coordinates and the mass, 
m. Let A > 0, and set f^{x) = A~"/(Ax) for any function or distribution on M". 
For a given prescription T^"^^ for the value m of the mass (valued in the algebra 
W^"^^ associated with this value of the mass), consider the new prescription T'^™-'' 
defined by 



(20) 



where a\ : W"-'^™'-' W^™) is the canonical isomorphism^, and where di is the 
engmeermg dimension" 1° of the field O,;. (Note that T^^'") is valued in W^^"").) 
Then we demand that T*-*"^' depends at most logarithmically on A in the sense 
that^^ 

rp{m)i _ j^(in) _|_ polynomial expressions in In A. (21) 

(t6) (microlocal spectrum condition) Let be a continuous state on W. Then the 
distributions Ut : (/i, • • • , fn) ^(^(Il/i^*)) demanded to have wave front 
set 

WF(cjt) C Ct, (22) 

where the set Ct C (x"M'^) x (x'^M'^ \ {0}) is described as follows (we use the 
graphological notation introduced in El): Let T{p) be a "decorated embedded 
Feynman graph" in W^. By this we mean an embedded Feynman graph whose 
vertices are points xi, . . . , x„ with valence specified by the fields Oi occurring in the 
time ordered product under consideration, and whose edges, e, are oriented null- 
lines [ j)^ = if Xi and Xj are connected by an edge]. Each such null 
line is equipped with a momentum vector parallel to that line. If e is an edge 
in r(p) connecting the points Xj and Xj with i < j, then s(e) = i is its source and 
t(e) = j its target. It is required that pe is future/past directed if Xs{e) is not in the 
past/future of Xt(e)- With this notation, we define 

Ct = ^{xi, . . . , Xn', ki, . . . , kn) I 3 decorated Feynman graph T{p) with vertices 
xi, x„ such that /cj = pe — Pe Vij. (23) 

e:s{e)=i e:t(e)=i 



^The canonical isomorphism is defined by ax : W^^") 9 Wa{t) ~> A"" • Wa{t^) G W^"*). 
^"in scalar field theory in d spacetime dimensions, the mass dimension of a field O is defined as the 
number of derivatives plus {d — 2)/2 times the number of factors of (f> plus twice the number of factors of 

^^The difference — j^(m)' describes the failiure of Tm to scale exactly homogeneously. For the 

time ordered products with only one factor (i.e., the Wick powers), it can be shown that this difference 
vanishes, i.e., the Wick powers scale exactly homogeneously in Minkowski space. For the time ordered 
products with more than one factor, the logarithms cannot in general be avoided. 
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(t7) (unitarity) We have T* = T, where T is the "anti-time-ordered product, defined as 
f{hO,...fM= Yl (-ir+^T(J]/,0,)...T(J]/,0,), (24) 

/lU---U/j={l,...,n} ieh ielj 

where the sum runs over all partitions of the set {1, . . . ,n} into disjoint subsets 
Ji, . . . 

(t8) (smooth dependence upon m) The time ordered products depend smoothly upon 
the mass parameter m in the following sense. Let be a 1-parameter family 
of states on W*^™-'. We say that u^"^^ depends smoothly upon m if (1) the 2-point 
function uj^\x,y) when viewed as a distribution jointly in m,x,y has wave front 
set 

WFiuj!^^) C {{xi,X2,m;pi,p2,p) \ {pi,P2,p) 7^ 0,{xi,X2;pi,P2) e C+}, (25) 

where the set C+ was defined above in eq. ©, and if (2) the truncated n-point 
functions co'i™'''™"" are smooth jointly in m, Xi, . . . , Xn- We say the prescription T*^*"^ 
is smooth in m if uj^\fi^ . . . , /„) = uj^'^\T'^'^^ (W fiOi)) (viewed as a distribution 
jointly in m and its spacetime arguments) has wave front set 

WF(cj^"'-') C |(xi, . . . ,Xn,m;ki, . . . , kn, p) \ 

{ki, . . . , kn, p) ^ 0,{xi,...,Xn;ki,...,kn) G Ct}} (26) 
for such a smooth family of states, where the set Ct was defined above in eq. 



It is relatively straightforward to demonstrate the existence of a prescription for defin- 
ing the Wick powers as elements of W satisfying the above properties. For example, for 
the fields 0^* G V, a = 1, 2, . . . , the corresponding algebra elements 0°'(/) G W satisfying 
the above properties may be defined as follows. Let H^"^\x,y) be any family of bidistri- 
butions satisfying the wave equation in both entries and the wave front set condition ©, 
whose antisymmetric part is equal to {i/2)A[x,y), and which has a smooth dependence 
upon m in the sense of (t8). Define 



i-^dfix) 



(27) 



Then 4'°'{f) G W satisfies (tl)-(t8). This definition of </>"(/) can be restated equivalently 
as follows: We may use the bidistribution A+ = if in the definition of the generators 
Wa (see eq. Q) and the algebra product (jSJ of W, since we have already argued that W 
is independent of the particular choice of A+. Consider the distribution t given by 

t{Xi, ...,Xa) = f{Xi)6{Xi -X2)-- ■ ^(Xa-l - Xa), (28) 
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where 6 is the ordinary delta-distribution in M'^. Then one can show that t is in the class 
of distributions £'^, and definition (jTTj) (in smeared form) is equivalent to setting 

= Wait) e W, (29) 

where it is understood that Wa is defined in terms of A+ = H^"^\ Wick powers containing 
derivatives are defined in a similiar way via suitable derivatives of delta distributions. 

The usual "normal ordering" prescription for Wick powers would correspond to setting 
H^"^^ equal to the Wightman 2-point function w^™-) given above in eq. (fTT1|) . However, this 
is actually not an admissible choice in our framework since, by inspection w^™) (and 
hence the vacuum state) does not depend smoothly upon m in the sense of (t8). In 
fact, the Wightman 2-point function — y) explicitly contains a term of the form 

J[m^(x — y)^] logm^ with a logarithmic dependence upon the mass m, where J is a smooth 
(in fact, analytic) function that can be expressed in terms of Bessel functions. For this 
reason, the usual normal ordering prescription violates our condition (t8) that the Wick 
powers have a smooth dependence upon m. An admissible choice for if (™) is e.g. w^"^^ 
without this logarithmic term, 

ifM(a;,?/) = w^'^'^x - y) - J[m\x - yf]logm\ (30) 

Since normal ordering is not admissible in our framework, it follows that no prescription 
for Wick powers satisfying (tl)-(t8) can have the property that it has a vanishing expec- 
tation value in the vacuum state for all values of m G M, because this property precisely 
distinguishes normal ordering. However, we can always adjust our prescription within 
the freedom left over by (tl)-(t8) in such a way that all Wick powers have a vanishing 
expectation value in the vacuum state for an arbitrary, but fixed value of m. It is there- 
fore clear that, in practice, our prescription is just as viable as the usual normal ordering 
prescription, since m can take on only one value. On the other hand, our prescription 
would lead to different predictions in a theory containing a spacetime dependent mass. 

It is not possible to give a similarly explicit construction of time ordered products 
satisfying (tl)-(t8) with more than one factor. Using the ideas of "causal perturbation 
theory" (see e.g. [19j) one can, however, give an inductive construction of the time ordered 
products so that (tl)-(t8) are satisfied which is based upon the above construction of 
the Wick powers (i.e., time ordered products with one factor). These constructions are 
described in detail in [T2] (see expecially ^] for the proof that scahng property (t5) 
can be satisfied), and we will therefore only sketch the key steps and ideas going into this 
inductive construction, referring the reader to the references for details. 

The main idea behind the inductive construction is that the causal factorization prop- 
erty expressing the temporal ordering of the factors in the time ordered product already 
defines time ordered products with the desired properties for non-coinciding spacetime 
points once the Wick powers are known. Namely, if e.g. supp/i is before supp/2, supp/2 
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is before supp/3 etc., then the causal factorization property tells us that we must have 

TillfiO,)= (31) 

i 

Since the Wick powers on the right side have already been constructed, we may take this 
relation as the definition of the time ordered products for testfunctions^^ F = ®'^fi whose 
support has no intersection with any of the "partial diagonals" 

D/ = {(xi,...,a;„)G x^M'^lx, = x,- V^,j G /}, /c{l,...,n}, (32) 

in the product manifold x"'M°', because one can decompose such F into contributions 
whose supports are temporally ordered via a partition of unity [2]. The causal factor- 
ization property alone therefore already defines the time ordered products as W-valued 
distributions, denoted T°, on the space x'^M'^, minus the union U/D/ of all partial di- 
agonals, and it can furthermore be seen that these objects have the desired properties 
(tl)-(t8) on that domain. In order to define the time ordered products as distributions 
on all of x^M'^, one has to construct a suitable extension T of T° to a distribution defined 
on all of x^M"^ in such a way that (tl)-(t8) are preserved in the extension process. This 
step corresponds to the usual "renormalization" step in other approaches and is the hard 
part of the analysis. Actually, we can even assume that T° is already defined everywhere 
apart from the total diagonal Dn = {xi 7^ xj since one can construct the extension 

T inductively in the number of factors. Having constructed these for up to less or equal 
than n — 1 factors then leaves the time ordered products with n factors undetermined 
only on the total diagonal. 

A key simplification for the extension problem occurs because the commutator condi- 
tion (inductively known to hold for T°) can be shown to be equivalent to the following 
"Wick-expansion" for T°, 



l[0,{x,)]= 



1 



ai! . . 

n 

r° r^Oi ® ■ ■ ■ ® r-a] (xi, . . . , x„) : n l[[{dy<p{xi)r^ -.H . (33) 

i=l j 

Here, the r°[®i^'i] are c-number distributions on x^M'^ \ Dn [in fact equal to the ex- 
pectation value of the time ordered product T°(]^^ \E'j)] depending in addition upon an 
arbitrary collection of fields \E'i • ■ ■ \E'„ G ®"'V, each aj is a multi index and we are 
using the notation 

''°-lu(g^T]o^y (34) 



^^Note that the time ordered products can be viewed as multi Hnear maps x"^(R'^) — > W for a fixed 
choice of fields Oi, . . . , On- 
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as well as a\ = Ylj'^r ^'^^ niulti indices . The notation : -.jj stands for the "if -normal 
ordered products" , defined by 



(35) 



The key point about the Wick expansion is that it reduces the problem of extending 
the algebra valued T° to the problem of extending the c-number distributions r°. Since 
we want the extensions T to satisfy (tl)-(t8), we also want the extensions r of the r° 
to satisfy a number of corresponding properties: First, the wave front set condition on 
the T correspond to the requirement that WF(r) C Ct, where the set Ct was defined 
above in eq. ()23|1 . Second, since the T are required to be Poincare invariant, also the 
extension r must be Poincare invariant. Finally, since the T are supposed to have an 
almost homogeneous scaling behavior under a rescaling x Xx (and a simultaneous 
rescaling m — A^^m of the mass), the r must have the scaling behavior 



d ^ ' 



AV^""^)(Axi,...,Ax„)| = 0, (36) 



(9 log A 

for some k, where D is the sum of the mass dimensions of the fields \E'j on which r depends, 
and where we are indicating explicitly the dependence of r upon the mass parameter 
By induction, these properties are already known for r° (i.e., off the total diagonal D„), so 
the question is only whether they can also be satisfied in the extension process. To reduce 
this remaining extension problem to a simpler task, one shows ^21 that it is possible to 
expand the r° in terms of the mass parameter m in a "scaling expansion" of the form 



^(m)0 



(37) 



k=n 



where the v!j are Poincare invariant distributions (independent of m) that scale almost 
homogeneously under a rescaling of the spacetime coordinates. 



d " ' 



Slog A 



A^-'^M°(Axi,...,Ax„)[> =0, (3^ 



with WF(m2) C Ct, and where the remainder r° is a distribution with WF(r°) C C-r, 
smooth in m, whose scaling degree [HI can be made arbitrarily low by carrying out the 

""^^We are also suppressing tensor indices in eqs. and H34|l . For example, the notation {dy (j) is a 
shorthand for Sj^^ . . . d^.-^cj) 

^"^The unitarity condition on the T also implies a certain reality condition on the t, which however is 
rather easy to satisfy in the present context. 
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expansion to sufficiently large order j. The idea is now to construct the desired extension r 
by constructing separately suitable extensions of and r°. Actually, since the remainder 
has a sufficiently low scaling degree, it extends by continuity to a unique distribution 
Tj, and that extension is seen to be automatically Poincare invariant, have wave front 
set WF(rj) C Ct, and have an almost homogeneous scaling behavior under a rescaling 
of the coordinates and the mass parameter. The distributions on the other hand, 
do not extend by continuity, but one can construct the desired extension as follows [12]: 
One ffist constructs, by the methods originally due to Epstein and Glaser and described 
e.g. in an arbitrary extension that is translationally invariant and has the same 
scaling degree as the unextended distribution. That extension then also satisfies the wave 
front set condition 13^, but it will not, in general, yield a distribution with an almost 
homogeneous scaling behavior (i.e., homogeneous scaling up only to logarithmic terms), 
nor will it be Lorentz invariant. The point is, however, that this preliminary extension 
can always be modified, if necessary, so as to restore the almost homogeneous scaling 
behavior and Lorentz invariance (while at the same time keeping the wave front set 
property and translational invariance), see lemma 4.1 of ref. ^2J. This accomplishes the 
desired extension of the t^, and thereby establishes the existence of a prescription T for 
time ordered products satisfying (tl)-(t8). 

We emphasize that the above list of properties (tl)-(t8) does not determine the Wick 
powers and time ordered products uniquely (for the time ordered products, this non- 
uniqueness arises because the extension process is not unique). The non-uniqueness cor- 
responds to the usual "finite renormalization ambiguities" . Their form is severly restricted 
by the properties (tl)-(t8) and is described by the "renormalization group", see section 5. 



3 Algebraic construction of the field observables as 
polynomials in 

In this section, we generalize the algebraic construction of the field observables from a 
single scalar field to a multiplet of scalar fields, and we will show that the number of 
field components can be viewed as a free parameter that can be taken to infinity in a 
meaningful way on the algebraic level. The model that we want to consider is described 
by the classical action 

5 = y Tr {d^cpd^cp + m^(p^) d'^x, (39) 

where = {(pij'} is now a field taking values in the hermitian N x N matrices, and where 
"Tr " denotes the trace, with no implicit normalization factors. More precisely, we should 
think of the field as taking values in the N N representation^^ of the group U{N), the 

"'^^We are putting a prime on the indices associated with the tensor factor transforming under N in the 
spirit of van der Waerden's notation. 
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trace being given by Tr 0" = ^ (j)iji5^'^(j)kv^^'™' ■ ■ ■ 0mn'^"'* in terms of the invariant tensor 
5ij' in N (g) N. 

For an arbitrary, but fixed N , we begin by constructing a minimal algebra algebra of 
observables corresponding to the action in a similar way as described in the previous 
section for the case of a single field. The minimal algebra is now generated by a unit and 
finite sums of products of smeared field components, (pij'if), where / runs through all 
compactly supported testfunctions, and where the "color indices" i and j' run from 1 to 
A^. The relations in the case of general differ from relations l)-4) for a single field only 
in that the hermiticity and commutation relations now read 

3n- (hermiticity) (pij'if)* = 4>j'i{f) 

An- (commutator) [(piy^f), (pki'ih)] = i6ii'6kj'A{f,h) ■ 1, 

where A is the advanced minus retarded propagator of a single Klein-Gordon field. We 
construct an enarged algebra, Wat, by passing to a new set of generators of the form Q 
and by allowing these generators to be smeared with suitable distributions, i.e., Wn is 
spanned by expressions of the form 

/a a 
: n<^»ov(2^fc) : t{xi,...,Xa)Yld'^Xk, (40) 
k k=i 

where t ^ and where we are using the usual informal integral notation for distributions. 
The product of these quantities can again be expressed in a form that is similar to ©. 
Since the real components of the field (piji are not coupled to each other, the enlarged 
algebra Wn is isomorphic to the tensor product of the corresponding algebra Wi for each 
independent real component of the field as defined in the previous section, 

W;v = (g) Wi, (41) 

N"^ being the number of independent real components of the field (piji. 

The transformation (piji — »• Ui^Uj>^ (pkv leaves the classical action functional (jH^ in- 
variant for any unitary matrix U G U{N). This invariance property is expressed on the 
algebraic level by a corresponding action of the group U{N) on the algebras Wn via a 
group of *-automorphisms au- We are interested in the subalgebra 

Wi^" = {A G Wiv I au{A) = A yu e U{N)} (42) 

of "gauge invariant" elements, i.e., the subalgebra of Wn consisting of those elements 
that are invariant under this automorphic action of the group U{N). It is not difficult to 
convince oneself that, as a vector space, W]^^ is given by 

Wr = span{iy,(t) \ teS!,}, (43) 
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where 



= / ^ Tr ( n ) " " " Tr ( J] <I^(^^t] 

Xheh / \iT€iT 



\a 



■ t(xi, 



,xin.\) I a Xi. 

i=l 



(44) 

Here, t G £^|'„|, the symbol a now stands for a multi index, a = (ai, . . . , ax), and we are 
using the usual multi index notation 



(45) 



The 



Ij are mutually disjoint index sets containing each a,- 



elements such that Uj/j 



, |a|}. For later convenience, we have also incorporated an overall normalization 
factor into our definition of the generators Wa{t). The generators are symmetric under 
exchange of the arguments within each trace and under exchange of the traces^^. Fur- 
thermore, they satisfy a wave equation and hermiticity condition completely analogous 
to the ones in the scalar case, 



Wait) = Wait)\ Wa{[l ® • " " {8^0, - TU^ 



l]t) = 0, 



(46) 



where the Klein-Gordon operator acts on any of the arguments of t. 

Since W]^^ is a subalgebra of Wat (i.e., closed under multiplication), the product of 
two such generators can again be expressed as a linear combination of these generators. 
In order to determine the precise form of this linear combination, one has to take care of 
the color indices and the structure of the traces. Since the traces in the generators 
imply that there are "closed loops" of contractions of the color indices, there will also 
appear similar closed loops of index contractions in the formula for the product of two 
generators. Such closed index loops will give rise to combinatorical factors involving A^. 
We are ultimately interested in taking the limit when N goes to infinity, so we must study 
the precise form of this iV-dependence. 

Since the A^-dependence arises solely from the index structure and not from the space- 
time dependence of the propagators, it is sufficient for this purpose to study the "matrix 
model" given by the zero-dimensional version of the action functional (jH^ . 

m^TrM^ 



matrix 



(47) 



where we have put M = in this case in order to emphasize the fact that we are dealing 
now with hermitian N x N matrices M = {Mij/} with no dependence upon the spacetime 
point (this action does not, of course, describe a quantum field theory). By analogy with 
eq. 0, we define the "normal ordered product" of k matrix entries to be the function 



JJ-M+^J^ 



(4J 



j=o 
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Another way of saying this is that the Wa really act on distributions t with these symmetry properties. 
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of the matrix entries where we have put M ■ J = MijiJ'^^'. For the first values of fc, 
the definition yields : Mij/ : = Mij/, and : MijiMkv := MijiMkv — ^ui^kj' /fn?-, etc. The 
(commutative) product of normal ordered polynomials : Q{{Miji}) : can be expressed in 
terms of normal ordered polynomials via the following version of Wick's theorem: 



matrix 



(49) 

j=o 



: : ■ ■ ■ : : = : e*^^'^/^^ : (: e-^^'^/^^^Qi : ■ ■ ■ : e-*^-^/^*^Q, :) 

where we have introduced the "correlation functions" 

(: Qi : ■ ■ ■ : :)^atrix = M j dM : : ■ ■ ■ : Qr : e"^--''' (50) 

which we normalize so that (1) matrix = 1. It follows from these definitions that we always 
have (: Q :)matrix = 0. The correlation functions can be written as a sum of contributions 
associated with Feynman diagrams. Each such diagram consists of r vertices that are 
connected by "propagators" 

(Mjj/Mfc//) matrix = ^^ji'^fcj', (51) 



which are represented by oriented double lines, the arrow always going from the primed 
to the unprimed index. 



k 



The structure of i-ih. vertix is determined by the form of the polynomial Qi. 

The space of gauge invariant polynomials in Mj^/ is spanned by functionals of the 
form^^ 

Wa = -ttKt^ : Tr ■ ■ ■ Tr M'^^ : . (52) 

which is the 0-dimensional analogue of expression , with the only difference that there 
is no dependence on the smearing distribution t since we are in spacetime dimensions. 
Since these multi trace observables span the space of all polynomial U (A^)-invariant func- 
tion of the matrix entries, we already know that the product of Wa with Wb can again 

^^Note that these polynomials are not linearly independent at finite N. For example, for TV = 2 there 
holds the relation TrM^ - |Tr AfTr Af^ + i(Tr Af)^ = 0. A set of linearly independent polynomials can 
be obtained using so-called "Schur-polynomials" . 
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be written as a linear combination of such observables. We are interested in the de- 
pendence of the coefficients in this hnear combination on A^. We calculate the product 
Wa ■ Wb via Wick's formula ()49|1 . and we organize the resulting sum of expressions in 
terms of the following Feynman graphs. From the T traces in Wa, there will be T a- 
vertices with aj legs each (we think of the legs as earring a number), where j = 1, . . . ,T. 
We draw the legs as double lines. As an example, let a = (01,02) = (3,3), so that 
W^{3,3) = : TrM^TrM^ :. In this case, we have 2 a- vertices with with 3 lines, each 

corresponding to one trace with 3 factors of M. Each such vertex looks therefore as 
follows: 



The double fines should also be equipped with orientations that are compatible at the 
vertex, although we have not drawn this here. From the 5* traces in Wb there are similarly 
S 6-vertices with bj legs each, where j = 1, . . . , S. We consider graphs obtained by joining 
a- vertices with 6- vertices by a double line representing a matrix propagator but we 
do not allow any a — a or b — b connections (such connections have already been taken 
care of by the normal ordering prescription used in the definition of Wa respectively Wb) . 
We finally attach an "external current" Mij/ to every leg of an a-vertex or 6-vertex that 
is not connected by a propagator. An example of a Feynman graph resulting from this 
procedure occurring in the product W(^ai,a2) ' ^^(61,62) with Oi = 02 = 61 = 62 = 3 is drawn 
in the following picture. 



The resulting structure will consist of a number of closed loops obtained by following 
the lines (including loops that run through external currents). There will be, in general, 3 
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kinds of loops: (1) Degenerate loops around a single vertex that has only external currents 
but no propagators attached to it. Let the number of such loops (i.e., isolated vertices) be 
D. (2) Loops that contain at least one external current and at least one propagator line. 
Let the number of these surfaces be J. (3) Loops that contain no external current. Let / 
be the number of these loops. [Thus, in the above example graph, we have D = 0, / = 1 
(corresponding to the inner square-shaped loop) and J = 1 (the loop running around the 
square passing through the 4 external currents).] 

Following a set of ideas by 't Hooft pH], we consider the big (in general multiply 
connected) closed 2-dimensional surface obtained by capping off the loops of type (2) 
and (3) with little surfaces (we would obtain a sphere in the above example.) The total 
number F of little surfaces in is consequently given by 

F = I + J. (53) 

Let us label the loops containing currents by j = 1, . . . , D + J, and let cj be the the 
number of currents in the corresponding loop. By construction, the number of edges, P, 
of the surface S is related to a, b, and c by 

2P = |a| + |6| - |c|, (54) 

where we are using the same multi index notation as above. The number of vertices, V, 
in ^ is 

V = T + S ~ D, (55) 

i.e., is equal to the total number of traces T and S in Wa and Wb minus D, the number 
of vertices that are not connected to any other vertex. We apply the well-known theorem 
by Euler to the surface which tells us that 

F-P + y = 5^(2-2iffc), (56) 

k 

where is the genus of the k-th disconnected component of S^. The little surfaces in 
each carry an orientation induced by the direction of the enclosing index loops, and 

these give rise to an orientation on each of the connected components of the big surface 
An oriented 2-dimensional surface always has Hk > 0, and Hk is equal to the number 

of handles of the corresponding connected component in that case. 

Let us analyze the contributions to the product Wa ■ Wb associated with a given graph. 

From the P double lines of the graph, there will be a contribution 

4. (57) 



n 



lines (k, I) 



associated with the double line propagators. From the closed loops of the kind (3) in the 
graph there will be a factor 

= jvE(2-2//fe)+(|a| + lfel-|cl)/2-y-J ^^g^ 
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because each of the I such closed index loops gives rise to a closed loop of index contrac- 
tions of Kronecker deltas, N = ^5/. Finally, there will be a contribution 



: TrM^i ■■■TrM^-'+^ : (59) 

corresponding to the external currents in J + D closed loops of the kind (1) and (2) 
containing Cj external currents each. Taking into account the normalization factors of 
j\r-l«l/2 respectively A^"!^!/^ associated with Wa respectively Wb, and letting Vk be the 
number of vertices in the k-th connected component of =5^, we therefore find 

H/„.iy,= ^(l/iV)-^ + S^^+S(V^.-2) -Q (QQ) 

graphs hnes (k, I) 

where the sum is over all distinct Feynman graphs^*. 

We can easily generalize these considerations to calculate the product of Wa{fi ■ ■ ■ C>?> 
f\a\) with Wb{hi ■ ■ ■ (S> h\b\) in the case when the dimension of the spacetime is non 
zero. In this case, the legs of each a-vertex are associated with the smearing functions fj 
appearing in the corresponding trace in eq. ()44|1 . and the legs of every 6- vertex are likewise 
associated with a smearing functions h^. Every matrix propagator connecting such an a 
and b vertex then gets replaced by A_|_, 

-1^A4/„M- (61) 

Furthermore, in a given graph, the J + D index loops with currents now correspond to a 
contribution of the form^^ 

:Tr |^n0(j,,)j---Tr (^fl ^Jk^j :, (62) 

where the jk G {fk, h^} denotes the test function associated with the corresponding ex- 
ternal current. With these replacements, we obtain the following formula for the product 
of two generators Wa{®ifi) with Wb{^ihi) of the algebra W™^: 

Waifl ® ■ ■ ■ ® /|a|) ■ Wbih ® ■ ■ ■ ® hib\) 

= 5^(i/iv)^+s^^+s(^-^) n ^+(^'^0 

graphs hnes (fc, I) 

■ W^c(ji® ■■■®Jm)- (63) 



^^Note that we think of the legs of a- and 5- vertices as numbered, and so a graph is understood here as 
a graph carrying the corresponding numberings. Topologically identical graphs with distinct numberings 
of the legs count as different in the above sum, as well as similar sums below. 

^^To simplify, we are assuming here that is given by the Wightman 2-point function, see eq. 
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An entirely analogous formula is obtained if the test functions and ^jhj are replaced 
by arbitrary distributions t and s in the spaces S'^^^ respectively S'f^^. 

The important thing to observe about relation eq. ()fiH|l is how the coefficients in the 
sum on the right side depend on N: The numbers Hf^ (the number of handles of the k-th 
component of the surface associated with the graph) and J are always non-negative. 
The number Vfc — 2 is also non- negative since the number of vertices in each component, 
Vfc, is by construction always greater or equal than 2. Hence, we conclude that 
appears always with a non- negative power in the coefficients on the right side of eq. (jEBI)- 
Since these coefficients are essentially the "structure constants" of the algebra W]^^, it is 
therefore possible take the large limit on the algebraic level. We now formalize this idea 
by constructing a new algebra which has essentially the same relations as the algebras 
W]^^, but which incorporates the important new point of view that N, or rather 

e = ^ (64) 

is not fixed, but is instead considered as a free expansion parameter that can range freely 
over the real numbers, including in particular e = 0. We will then show that this algebra 
contains elements corresponding to Wick powers and their time ordered products. The 
construction of this new algebra therefore incorporates the expansion of the quantum 
field observables associated with the action (jSHl), including in particular the large limit 
of the theory. 

Consider the complex vector space X[e] consisting of formal power series expressions 
of the form 

(65) 

j>o 

in the "dummy variable" e, where the aj are multi-indices, and where the tj are taken from 
the space S'^^,^ of distributions in \aj\ spacetime variables defined in 0. We implement 
the second of relations eq. (jlHjl by viewing the symbols Wa^{tj) as depending only on the 
equivalence class of tj in the quotient space J'\aj\, where 

X = S'J{{1 ® • • ■ {d^d^ -m^)®---l)s\se S'J. (66) 

On the so defined complex vector space X[e], we define a product by 



vj>0 / \fc>0 / r>0 r=k+j 



(67) 



where the product Wajitj) ■ Wbi^{sk) is given by formula eq. (with 1/A^ replaced by e 
in this formula), and we define a *-operation on X[e] by 

=J2e^Wa^ii,). (68) 
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Proposition 1. The product formula (jU7j) and the formula (|UH|) for the *-operation makes 
X[e] into an (associative) *-algebra with unit (given by 1 = Wq). 

Proof. We need to check that the product formula (jU7j) defines an associative product, 
and that the formula ()68p for the *-operation is compatible with this product in the usual 
sense. For associativity, we consider the associator of generators 

A{e) = Wa{r) ■ {Wb{s) ■ W,{t)) - {Wa{r) ■ Wb{s)) ■ W,{t), (69) 

which we evaluate using the product formula in the order specified by the brackets. The 
resulting expression can be written as a finite sum of terms of the form YlQj{^)^dj{uj), 
where the Qj{e) are polynomials in e, and where the uj are linearly independent. But 
we already know A{e) = for e = 1, 1/2, 1/3, etc., since the algebras W"^, = 1,2,3, 
etc. are associative. Therefore, the Qj{e) must vanish for these values of e. Since a 
polynomial vanishes identically if it vanishes when evaluated on an infinite set of distinct 
real numbers, it follows that the Qj vanish identically, proving that A{e) = as a power 
series in e. The consistency of the *-operation is proved similarly. □ 

The construction of the algebra X[6] completes our desired algebraic formulation of the 
1/A^ expansion of the field theory associated with the free action ()39|) . Our construction of 
'^[e] depends on a particular choice of the distribution A+, but different choices again give 
rise to isomorphic algebras, showing that, as an abstract algebra, X[e] is independent of 
this choice. Indeed, let be another bidistribution whose antisymmetric part is {i/2)A 
which satisfies the wave equation and has wave front set WF(A^) of Hadamard form, and 
let X'[e] be the corresponding algebra constructed from A',^ with generators W^{t). Then 
the desired *-isomorphism from X[e] '^'l^] is given by 

Wait) - ■ Wl ('((g)F,t)'j . (70) 

graphs \ lines / 

Here F is the smooth function given by A+ — A'^ and a graph notation as in eq. (jUHj) 
has been used: The sum is over all graphs obtained by writing down the T vertices 
corresponding to the T traces in Wait), a = (ai, . . . , ar), by contracting some legs with 
"propagators" , and by attaching "external currents" to others. If Xi is the point associated 
with the 2-th leg in a graph with n propagator lines (2n < \a\), then 

{(^F,t)ixi,...,Xla\-2n) = J tiXi,...,Xla\) JJ F(Xi, Xj) JJ d'^Xi, (71) 
lines lines legs i 

where the second product is over all legs which have a propagator attached to them. The 
numbers Hk and Vk are the number of handles respectively the number of vertices (> 2) 
in the k-th disconnected component of the surface associated with the graph. J is the 
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number of closed index loops associated with the graph which contain currents, and each 
such loop with bi currents corresponds to a trace in W^, where b = {bi,b2, . . . ,bj). We 
note that this implies in particular that only positive powers of e appear in eq. ()70|1 . which 
is necessary in order for the right side to be an element in X[e]. 

We finally show that ^'[e] contains observables corresponding to the suitably normal- 
ized smeared gauge invariant Wick powers and their time ordered products. To have a 
reasonably compact notation for these objects, let us introduce the vector space of all 
formal gauge invariant expressions in the field and its derivatives. 



= span I = (n^/^i ■ ■■^^>^^) \ ■ (72) 



If (9 is a monomial in V™^, we denote by \0\ the number of free field factors in the 
formal expression for O, for example = 6 for the field O = Tr0^Tr0^. For a fixed A^, 
the gauge invariant Wick powers are viewed as linear maps 

^(R^ V'°") fO 0{f). (73) 

Likewise, the gauge invariant time ordered products are viewed as multi linear maps 

T : x"^(M'^; V'^") ^ W^, (/i^i, • • • , /n^n) ^ T(/iOi ■ ■ ■ fA). (74) 

The Wick powers are identified with the time ordered products with a single factor. In the 
previous section, we demonstrated that, in the scalar case (A^ = 1), the Wick powers and 
time ordered products can be constructed so as to satisfy a number of properties that we 
labelled (tl)-(t8). It is clear that these constructions can be generalized straightforwardly 
also to the case of a multiplet of scalar fields in the adjoint representation of U{N) (with N 
arbitrary but fixed) and thereby yield time ordered products with properties completely 
analogous to the properties (tl)-(t8) stated above for the scalar case. We would now like 
to investigate the dependence upon N of these objects and show that, if the time ordered 
products are normalized by suitable powers of these can be viewed as elements of 
X[e], i.e., that they can be expressed as a linear combination of Wa{t), with t depending 
only on positive powers of e = 1/N. 

The Wick powers 0{f) are constructed in the same way as in the scalar case, see 
eq. (j2ZI). The only difference is that we need to multiply the Wick powers by suitable 
normalization factors depending upon e = in order to get well-defined elements of 
X[e]. Taking into account the normalization factor in the definition of the generators Wa, 
eq. (jlH), one sees that 

£l^l/'C(/) e X[e]. (75) 

Given that the suitably normalized Wick powers eq. ()75p are elements in X[6], one natu- 
rally expects that their time ordered products are also elements in X[e], 

e™/'T(l[f,o)jeX[e]. (76) 
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Now, if the testfunctions are temporally ordered, i.e., if for example the support of /i is 
before /2, the support of /2 before /s etc., then the time ordered product factorizes into the 
ordinary algebra product £:''^^'''^Ci(/i)£:''^^'^^C2(/2) ... in X[e], by the causal factorization 
property of the time ordered products. Therefore, since the normalized Wick powers have 
already been demonstrated to be elements in X[e], also their product is (because X[e] 
was shown to be an algebra). Hence, one concludes by this arguments that if F = 
is supported away from the union of all partial diagonals Dj in the product manifold 
x^M*^, then the corresponding time ordered product satisfies (|76|) . However, for arbitrarily 
supported testfunctions fi, the time ordered product does not factorize, and therefore does 
not correspond to the usual algebra product. In other words, whether eq. (ffH|) is satisfied 
or not depends on the definition of the time ordered products on the partial diagonals 
Dj (as a function of N). As we have described explicitly above in the scalar case, the 
definition of the time ordered products on the diagonals is achieved by extending the time 
ordered products defined by causal factorization away from the diagonals in a suitable 
way. Therefore, in order that eq. (|7H|l be satisfied, we must control the dependence upon 
N of the constructions in the extension argument, or, said differently, we must control 
the way in which the time ordered products are renormalized as a function of N. 

Acutally, we will now argue that one can construct time ordered products T satisfying 
eq. (fTHjl [in addition to (tl)-(t8)] from the scalar time ordered products that were con- 
structed in the previous section, so there is no need to repeat the extension step. The 
arguments are purely combinatorical and very similar to the kinds of arguments used 
before in the construction of the algebra X[e], so we will only sketch them here. Also, 
to keep things as simple as possible, we will consider explicitly only the case in which all 
the Oi contain only one trace and no derivatives, Oi = Tr^"^'. In order to describe our 
construction of T(n. Oj), we begin by considering the coefficient distributions r[cg)j0**] 
occurring in the Wick expansion (jHS)) of the time ordered products T{Y[ 0°') in the scalar 
theory (A^ = !)• As it is well-known, these can be decomposed into contributions from 
individual Feynman graphs 



Here, the sum is over all distinct Feynman graphs 7 (in the scalar theory) with n vertices 
of valence bi each (and no external lines), and c'^ is a combinatorical factor chosen so that 
t'^ coincides with the distribution constructed by the usual Feynman rules (where the 
latter are well-defined as distributions, i.e., away from the diagonals). Consider now, in 
X[e], the product e''^^'''^Ci(/i)e''^^'''^C2(/2) • • • • If one evaluates this product successively 
using the product formula ()64|) . then one sees that the result is organized in terms the 
following double-line Feynman graphs F: Each such graph has n vertices labelled by points 
Xi of valence Oj each (drawn as in the figure at the bottom of p. 17). External lines ending 
on a vertex Xk carrying a color index pair [ij') are associated with a factor of (j)ij'{xk)- 
Given a such a graph F, we form the surface S^r by capping off the closed index loops 




(77) 



graphs 7 
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with little surfaces, i.e. the index loops that do not meet any of the factors (f)ij>{xk)- We 
do not cap off any of the index loops that meet one or more of the factors (f)ij'{xk) along 
the way, and these will consequently correspond to holes in the surface. We let J be the 
number of such holes and we let = 1, . . . , J be an index labelling the holes. We will say 
that k & h ii the factor (pij^Xk) is encountered when running around the index loop in the 
hole labelled by h. Finally, for a given double line graph F, let 7 be the single line graph 
obtained from F by removing all the external lines, and by replacing all remaining double 
lines by single ones. Then, for (xi, . . . , x„) such that Xi 7^ Xj for all i,j — i.e., away from 
all partial diagonals — we can rewrite T(WTi (j)'^^{xi)) as follows: 

:nTr |n^'^'<^(^^-)| (T8) 

h Kkeh J 

where Vk is the number of vertices in the fc-th disconnected component of and Hk 
the number of handles. The idea is now to define the time ordered product on the left 
side by the right side for arbitrary (a;i, . . . including configurarions on the partial 
diagonals. A similar definition can be given for operators Oi containing multiple traces or 
derivatives, the only difference being that the Feynman diagrams that are involved have 
to also incorporate the multiple traces. 

The key point about our definition (|7H|l is that we have now complete control over the 
dependence upon N of the time ordered products of gauge invariant elements: Since the 
expression in the second line of the above equation is an element of X[s\ (after smearing), 
it follows that the so-defined e^'''/^T{]\ Tr0'^'(a;i)) is an element of X[s\ (after smearing). 
Also, since the r have been defined so that the corresponding time ordered products in 
the scalar theory (see eq. (jSSl), with r° replaced by r in that equation) satisfy (tl)- 
(t8), it follows that the time ordered products at arbitrary defined by eq. (ffF?|l also 
satisfy these properties. A similar argument can be given when the operators Oi contain 
multiple traces or derivatives. Thus, we have altogether shown that the algebra X[s\ of 
formal power series m e = 1/N contains the suitably normalized time ordered products 
of gauge invariant elements, and that these time ordered products can be defined so that 
they satisfy the analogs of (tl)-(t8). 



4 The interacting field theory 

In the previous sections, we constructed an algebra of observables X[e] associated with the 
free field described by the action (jSH)), whose elements are (finite) power series in the free 
parameter e = 1/N. This algebra contains, among others, the gauge invariant smeared 
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Wick powers of the free field and their time ordered products. In the present section we 
will show how to construct from these building blocks the interacting field quantities as 
power series in e and the self-coupling constant in an interacting quantum field theory 
with free part ()39j) and gauge invariant interaction part, 

S = j i:i{d^(t)d^(t) + m^(t)'^) + V{(t))(fx. (79) 

For definiteness we consider the self-interaction 

¥{(())= gTicf)^ (80) 

which will be treated perturbatively. 

We begin by constructing the perturbation series for the interacting fields for a given 
but fixed N . Let i^" be a compact region in (i-dimensional Minkowski spacetime, and let 
^ be a smooth cutoff function with which is equal to 1 on ii' and which vanishes outside 
a compact neighborhood of K. For the cutoff interation 9{x)V and a given N , we define 
interacting fields by Bogoliubov's formula 



Oevif) = ^S{9V)-'S{eV + \fO) 



(81) 

A=0 



where the local S-matrices appearing in the above equation are defined in terms of the 
time ordered products in the free theory by 

S [9 E /.•^.•) = E (n E /.•^.•) ' ^ (82) 

Although each term in the power series defining the local S'-matrix is a well defined 
element in the algebra W]^^, the infinite sum of these terms is not, since this algebra by 
definition only contains finite sums of generators. We do not want to concern ourselves 
here with the problem of convergence of the perturbative series, so we will view the local 
S'-matrix, and likewise the interacting quantum fields ()8H) , simply as a formal power series 
in g with coefficients in W]^^, that is, as elements of the vector space 



. n=0 



A„eWr Vn^. (83) 



We make the space W]^^[(7] into a *-algebra by defining the product of two formal power 
series to be the formal power series obtained by formally expanding out the product of 
the infinite sums, (En^nS'") ■ (Em^mS'"') = EfcEm+n=fc(^n ■ 5m)fi'^ and by defining 
the *-operation to be (En^nS'")* = En ^nfi'"- 
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We now remove the cutoff 6 on tlie algebraic level. For this, we first note that the 
coefficients in the power series^" defining the interacting field (|HT|) with cutoff are in fact 
the so-called "totally retarded products" , 



Oevif) = OU) + V ^-^R{eiT 0^ . . ^Tr 0^ /O), 
^-^ n\ ^ V ■' 



(84) 



n factors 



each of which can in turn be written in terms of products of time ordered products. It 
can be shown that the retarded products vanish whenever the support of 9 is not in the 
causal past of the support of /. This makes it possible to define the interacting fields not 
only for compactly supported cutoff functions 9, but more generally for cutoff functions 
with compact support only in the time direction, i.e., we can choose i^' to be a time slice. 
Thus, when 9 is supported in a time slice then the right side of eq. ()84|1 is still a 
well-defined element of >V"^[5']. 

We next remove the restriction to interactions localized in a time slice. For this, we 
consider a sequence of cutoff functions {9j} which are 1 on time slices {Kj^ of increasing 
size, eventually covering all of Minkowksi spacetime in the limit as j goes to infinity. It 
is tempting to try to define the interacting field without cutoff as the limit of the algebra 
elements obtained by replacing the cutoff function 9 in eq. (jHT|) by the members of the 
sequence {9j}. This limit, provided it existed, would in effect correspond to defining the 
interacting field in such a way that it coincides with the free "in" -field in the asymtptoic 
past. However, it is well-known that such an "in" -field will in general fail to make sense in 
the massless case due to infrared divergences. Moreover, it is clear that the local quantum 
fields in the interior of the spacetime should at any rate make sense no matter what the 
infrared behavior of the theory is. As we will see, these difficulties are successfully avoided 
if, instead of trying to fix the interacting fields as a suitable "in" -field in the asymptotic 
past, we fix them in the interior of the spacetime. 

We now formalize this idea following pH] (which in turn is based on ideas of [H])- For 
this, it is important that for any pair of cutoff functions 9, 9' which are equal to 1 on a 
time slice there exists a unitary U{9,9') G W™^[(7] such that ^ 



for all testfunctions / supported in K, and for all O. These unitaries are in fact given by 



where h- is equal to 9 — 9' in the causal past of K and equal to in the causal future of 
K. Equation (|H^ shows in particular that, within K, the algebraic relations between the 
interacting fields do not depend on one's choice of the cutoff function. From our sequence 

^"This series is sometimes referred to as "Haag's series", since it was first obtained in [S]. 
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of cutoff functions {Oj}, we now define Ui = 1 and unitaries Uj = U{6j,6j-i) for j > 1, 
and we set Uj = Ui ■ U2 Uj. We define the interacting field without cutoff to be 

Ovif) = hm U, ■ Oe^vif) " U.\ (87) 

where / is allowed to be an arbitrary testfunction of compact support. In fact, using 
eqs. (fHHjl and (fHHjl . one can show (see prop. 3.1 of [H]]) that the sequence on the right side 
remains constant once j is so large that Kj contains the support of /, which implies that 
the right side is always a well-defined element of W]^^[5']. The unitaries Uj in eq. (jHTj) 
implement the idea to "keep the interacting field fixed in the interior of the slice Ki" , 
instead of keeping it fixed in the asymptotic past. This completes our construction of the 
interacting fields without cutoff. 

These constructions can be generalized to define time ordered products of interacting 
fields by first considering the corresponding quantities associated with the cutoff interac- 
tion e{x)v, 



TevifiOi ■ ■ ■ fnOn) ^ ——^-—-sievr'siev + V kw, 

i 

possessing a similar expansion in terms of retarded products, 



Ai=0 



TeviW /^^^) = ^(H /^^^) + E %r^( .^Tr0^..gTr0^ ; J] Wi)- (89) 

* * n>l ■ „ factors * 

The corresponding time ordered products without cutoff, denoted Ty(J\ fiOi), are then 
defined in the same way as the interacting Wick powers, see eq. (jHTj) . The latter are, of 
course, equal to the time ordered products with only one factor, 

Ov{f)=Tv{fO). (90) 

The definition of the interacting fields as elements of Wj^^[5'] depends on the chosen 
sequence of time slices {Kj} and corresponding cutoff functions {Oj}. However, one can 
show (see p. 138 of [12]) that the *-algebra generated by the interacting fields does not 
depend these choices in the sense that different choices give rise to isomorphic algebras^^. 
Furthermore, the local fields and their time ordered products constructed from different 
choices of {Kj} and {9j} are mapped into each other under this isomorphism. In this 
sense, our algebraic construction of the interacting field theory is independent of these 
choices. Although this is not required in this paper, we remark that the above algebras 
of interacting fields can also be equipped with an action of the Poincare group on d- 
dimensional Minkowski spacetime by a group of automorphisms transforming the fields 

^^These algebras do not, of course, define the same subalgebra of yV}^'^[.g]. 
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in the usual way. Thus, we have achieved our algebraic formulation of the interacting 
quantum field theory given by the action (f?^ for an arbitrary, but fixed N. 

We will now take the large N limit of the interacting field theory on the algebraic level 
in a similar way as in the free theory described in the previous section, by showing that 
the (suitably normalized) interacting fields can be viewed as formal power series in the 
free parameter e = 1/N, provided that the 't Hooft coupling 

9t = gN (91) 

is held fixed at the same time. In fact, the suitably normalized interacting fields will be 
shown to be elements of a subalgebra of the algebra ^'[e, t^t] of formal power series in gt 
with coefficients in X[e]. 

To begin, we prove a lemma about the dependence upon of the n-th order con- 
tribution to the the interacting field with cutoff interaction, given by the n-th retarded 
product in eq. (jEHI)- 

Lemma 1. Let e = 1/N, G V^''^, let fi, hj G ^(M'*), and let respectively Sj be 

the number of traces occurring in Oi respectively \E'j. Then we have 

n m 
i=l j=l 

where the notation 0(6:^) means that the corresponding algebra element of W]^^ (supposed 
to be given for all A^) can be written as a linear combination of the generators Wa{t) with 
t independent of e, and with coefficients of order e'^. 

Proof. For simplicity, we first give a proof of eq. (jH^ in the case m = 1; the case of 
general m is treated below. Let us define, following the "connected product" in W] 
as the /c-times multilinear maps on W]^^ defined recursively by the relation 



inv 
N 



class / \ 

{i,...,fe}=u/ / \jei J 

where the "classical product" -dass is the commutative associative product on W]^^ defined 
by 

Wait) -class Wh{s) = W^bit ® s) , (94) 

and where the trivial partition / = {1, . . . , A;} is excluded in the sum. We now analyze the 
£-dependence of the contracted product, restricting attention for simplicity first to the 
case when each of the Wapiti) contains only one trace. We use the product formula to 

evaluate the connected product (Wa^ (ti) Wa,^ (tfc))™""^ as a sum of contributions of the 

form e^Wb{s) associated with Feynman graphs F, where / is the number of index loops 
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in the graph, and where s G S^^ does not depend upon e. It is seen, as a consequence of 
our definiton of the connected product, that precisely the connected diagrams occur in 
the sum. By arguments similar to the one given in the previous section, the number I 
associated with a given conneceted diagram with k vertices is given hy2 — k — H — J, 
where H is the number of handles of the surface associated with the diagram, and where 
J is the number of traces in the algebraic element VFb(s) associated with the contribution 
of that Feynman graph. Consequently, since H, J > 0, we have 

iWa^ih) W,,{h)r^^ = 0{e'-') (95) 

when each of the WaXti) contains only one trace. Now consider the retarded product 
when each of the fields has only one trace, and when the supports of the testfunctions 
fi, h satisfy 

supp/j n supp/i = supp/j n supp/j = 0. (96) 

Without loss of generality, we can assume that the supports of the fi have no intersection 
with either the causal past or the causal future of the support of h (otherwise, we write 
each fi as a sum of two testfunctions with this property). Under these assumptions, the 
retarded product is given by |lj 

n 

R([[ f-Of, h^) = J2[0.lUnl), [a2(/.2), . . . [O^nifnn), ^ (k)] ...]], (97) 

i = l TT 

when the supports of all fi have no point in common with the causal future of the support 
of h, and by otherwise. We now use the following lemma which we are going to prove 
below: 

Lemma 2. Let fi, Ai, . . . , v4„ e W'^^ . Then 

[A^i, B]... ]])™"° = J2[^-n, [A.(n-l), . . . [A^i, B]...]]. (98) 

TT 7r 

Since e^'-^^^^'^Oi{fi) and £:l*l/^\E'(/i) can be written in the form Wa{t) for some distribu- 
tions t not depending on e, it follows by eqs. and and the lemma that 

n 

Rill £l*l/'/i^) = 0(£"-i) (99) 

when the supports of fi,h satisfy eq. (j^ . and when each of the fields Oi,"^ contains 
only one trace. When the testfunctions fi, h have overlapping supports, the formula ^7\i 
for the retarded products is not well-defined, or, alternatively speaking, the formula only 
defines an algebra valued distribution on the domain 

x"+^M^\ [j Di, (100) 

IC{l,...,n+l} 
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where Di is a "partial diagonal" in the product manifold x^+^M*^, see eq. ()32p . However, 
as explained at the end of section 3, we are considering a prescription for constructing 
the time ordered (and hence retarded) possessing a Wick expansion of the form eq. (f78|l 
everywhere, including the diagonals. The Wick expansion eq. ()78j) implies that the A^- 
dependence on the diagonals is identical to that off the diagonals. Equation (jSHI) therefore 
follows immediately for all test functions. This proves the desired relation ()92|) when 
m = 1 and when all fields contain only one trace. 

The situation is a bit more complicated when the fields Oi, contain multiple traces. 
In that case, we similarly begin by analyzing the A^-dependence of the connected prod- 
uct when the WaXti) contain multiple traces, so that each Oj now stands for a multi 
index (oji, . . . , aj^J, where Tj is the number of traces in Wapiti), and where a^j is the 
number of free field factors appearing in the j'-th trace of Wapiti). It is seen that only the 
following type of Feynman graphs can occur in the connected product of these algebra 
elements: The valence of the vertices of the graphs are determined by the number of 
fields Qij appearing in the j-th trace of the z-th algebra element. For each fixed i, no 
Oij-vertex can be connected to a ajfc-vertex. For fixed i, I, there exist indices j, k such the 
ajj-vertex is connected to the a^fc-vertex. Analyzing the A^-dependence of these graphs 
arising from index contractions along closed index loops in same way as in our analysis of 
the A^-dependence of the algebra product ()(j3j) . we find that the contributions from these 
Feynman graphs are at most of order 



where C is the number of disconnected components of the surface associated with the 
graph, J is the number of closed index loops containing "external currents", Vj is the 
number of vertices in the j-th disconnected component, and Hj the number of handles 
(components containing only a single vertex do not count). Clearly, we have Hj, J > 
and we know that 



with D the number of vertices that are not connected to any other vertex. In order to 
estimate the number C of connected components of the graph, we first assume D = 
and imagine the graph obtained by moving all the aij,j = 1, . . . , Tj on top of each other 
for each i. The resulting structure will then only have one connected component, since 
we know that for fixed i, I, there exist indices j, k such the ajj-vertex is connected to the 
a^fc-vertex. If we now move the aij,j = 1, . . . , Tj apart again for a given i, then it is clear 
that we will create at most Tj — 1 new disconnected components. Doing this for all i, we 
therefore see that our graph can have at most 1 + (Ti — 1) + ■ ■ ■ + (T^ — 1) disconnected 
components. If D is not zero, then we repeat this argument for those vertices that are 
not isolated, and we similarly arrive at the estimate 



0{e 



(101) 




(102) 




(103) 
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for the number of disconnected components of any graph appearing in the connected 
product Hence, we find altoghether that 

(W^a.(ti) Wa,{h)r''' = Oie'"-'-^^^) (104) 

when each of the Wa^ [tj) contains Tj traces. We can now finish the proof in just the same 
way as in the case when all the fields Oi, contain only a single trace. 

Now let m in eq. be arbitrary and consider a situation wherein the supports of 
the testfunctions fi,hj satisfy 

supp/j n supp/ij = supp/j n supp/j = supp/ij n supphj = 0. (105) 

Without loss of generality, we assume that the support of /j+i has no intersection with 
the causal future of the support of /j. Then it follows from the recursion formula (74) of 
|lj together with the causal factorization property of the time ordered products (|T7jl that 

n m 

R([1 f^O^■, n h.'^j) = 5Z[ai(Al), [^2(^2), . . . [an(/.n), ^l(/^l) " " " ^m(/im)] • • • ]] 

1=1 j = l TT 

E fl(u^m{f^)))[^k{h)] (106) 

/iU - U/m={l,...,n} fc=l Vie/fc / 

when the supports of all fi have no point in common with the causal future of the supports 
of hj, and by otherwise, and where we have set ad(yl)[i?] = [A, B]. Since iV~l^*l/^(9i(/j) 
and A^~l"^jl/^\E'j(/ij) can be written in the form Wa{t) for some distribution not depending 
on A^, we conclude by the same arguments as above that 

nad(0,(/,)) ) l^kihk)] = 0(£'l^'=l-^»^^.("^»+l'^^l/')-(^'=+l*'=l/')), (107) 



k 



from which the statement of the theorem follows when the supports of /j, hj have the 
properties ()105|) . The general case can be proved from this as above. 

We end the proof of lemma 1 with the demonstration of lemma |21 Let A = ^ AjAj 
and consider the formal power series expression 



mln 

m,n>0 



For a fixed k > 0, consider the contribution to the sum on the right hand side arising 
from diagrams such that precisely k A-vertices are disconnected from the other A- and 
5-vertices. Since disconnected diagrams factorize with respect to the classical product 
■class this contribution is seen to be equal to 

E E -u ^( V^^-'^y ■ -^'^ {{-Ar-^ ■ B . A—). (109) 

^ — ^ mini ^ — ^ rum — rjlslin — sjl 

m,n>0 r+s=k ' 
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But this expression vanishes, due to J2r+s=k(~^y ' /''^^■^^- ~ 0' showing that e^^-B-e^ = 
(e~"^-i?-e^)™°°. The statement of the lemma is obtained by differentiating this expression 
n times with respect to the parameters Aj. □ 

Applying the lemma to the retarded products appearing in the definition (jH^ of the 
interacting field with cutoff, (i.e., Oi = Tr cj)^, so that Tj = 1, \Oi\ = 4 in that case), and 
using our assumption g oc e (see eq. (FJTjl). we get 

n 

g-R([[9TT<p'-JO) = 0(5-^-1^1/2), ^^iQ^ 

where T is the number of traces in the field O. Therefore, since the cutoff interacting field 
is a sum of such terms, we have found Oev{f) = 0{e^'^^^'~^^/'^) for the cutoff interacting 
fields, viewed now as formal power series in the 't Hooft coupling parameter gt rather than 
g. For the interacting time ordered products with cutoff, we similarly get ^^^(n ^iifi)) = 
0(£:^^ "^*"'"''^''/2). We claim that the same is true for the interacting fields without cutoff: 

Proposition 2. Let e = 1/N, O G V"^ with n factors of (p and T traces. Then 

Ovif) = 0(5-^-/2) (111) 

as formal power series in the 't Hooft coupling gt. More generally, for the interacting time 
ordered products 

TyillO,if,)) = Oie'^''^+-^/'), (112) 

where Tj is the number of traces in Oi, and where is the number of factors of in (9,. 

Proof. According to our definition of the interacting field without cutoff, eq. ()87|) . we 
must show that 

e-/'+^.UrOeMf)-Ur' = Oil) (113) 

where {6j} and {Uj} are sequences of cutoff functions and unitary elements as in our 
definition of the interacting field, see eq. (jHTjl . We expand Uj and Oe.yif) in terms of the 
retarded products and use the fact, shown in that only connected diagrams contribute 
to each term in the resulting formal power series. The A^-dependence of these terms can 
then be analyzed in a similar fashion as in the proof of lemma ^ and gives ()113|) .22 The 
proof for the time ordered producs is similar. □ 

The proposition allows us to view the suitably normalized interacting fields and their 
time ordered products as elements of the algebra X[e, gt] of formal power series in with 
coefficients in X[e], i.e., we have shown 

e^+'^/'Ov{f)eX[e,gt], (114) 



^^Note, however, that the expansion of Uj itself contains negative powers of e, i.e., it is not true that 
Uj is of 0(1) separately. 
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and similarly for the interacting time ordered products . We denote by Ay the subalgebra 
of ^"[£,^1;] generated by the fields ()114|) and their time ordered products, 



alg< e 



■V 



n f^^^ 



(115) 



By the same arguments as given on p. 138 of JJlj, one can again prove that, as an 
abstract algebra. Ay does not depend on the choice of the cutoff functions entering in the 
definition of the interacting field. Since the algebra Ay is an algebra of formal power series 
in e = 1/N, the construction of Ay accomplishes the desired algebraic formulation of the 
1 /A^-expansion for the interacting quantum field theory associated with the action (f7n|l . 

Since the algebra Ay was constructed perturbatively, it incorporates not only an 
expansion in 1/A^, but also of course a formal expansion in the coupling parameters. 
Moreover, one can show that the value of Planck's constant, h, (set equal to 1 so far) 
can be incorporated explicitly into the algebra Ay, and it is seen that the classical limit, 
— *• can thereby included into our algebraic formulation. Following |3], we briefly 
describe how this is done. One first introduces an explicit dependence on h into the 
algebra product (0) in W by replacing A_|_ in that product formula by hA^. With this 
replacement understood, W can now be viewed as a 1-parameter family of *-algebras 
depending on the parameter h. It is possible to set h = on the algebraic level. In this 
limit, W becomes a commutative algebra, and jf^ times the commutator defines a Poisson 
bracket in the limit. In this way, the 1-parameter family of algebras W depending on h is 
seen to be a deformation of the classical Poisson algebra associated with the free Klein- 
Gordon field. These consideration can be generalized straightforwardly to the algebras 
X[e] as well as A:'[e,(7t], and we incorporate the dependence on h of these algebras into 
the new notation X[6,gt, h]. The algebras of interacting fields. Ay, with interaction now 
taken to be j^V, can be seen to be subalgebras of X[e,gt,h], and therefore depend 
likewise on the indicated deformation parameters. 



Ay = Ay[e,gt,h]. 



(116) 



The interacting field algebras consequently have a classical limit, h ^ 0, and can thereby 
be seen to be non-commutative deformations of the Poisson algebras of classical (pertur- 
batively defined) field observables associated with the action (f?^ . that depend on 1/A^ 
as a free parameter. In this way, the expansion of the large N interacting field theory 
in terms of h is incorporated on the algebraic level, and the classical limit ^ ^ can 
be taken on this level. On the other hand, one can show that the vacuum state and the 



^•^Note that the e-dependence of the normahzation factors necessary to make the interacting fields and 
their time ordered products elements of A'[e, gt] differs from that in the free field theory, see H75|l . 

^"^This is a non-trivial statement, because j^V contains negative powers of h. The proof of this statement 
can be adapted from 



35 



Hilbert space representations of Ay as operators on Hilbert space cannot be taken. This 
demonstrates the strength of the algebraic viewpoint. 

For a more general interaction 

V{<P) = J29^0i (117) 

including interaction vertices Oi G V"^ with Tj multiple traces, it follows from lemma ^ 
that the interacting field will still satisfy eq. ()114|1 . provided that the coupling constants 
Qi tend to zero for large N in such a way that the corresponding 't Hooft parameters ga 
defined by 

g^t = g.N^^^\''^\/'-' (118) 

remain fixed (note that (jfjlj) is the special case Oi = Tr0^ of this relation). Thus, if the 
coupling constants gi are tuned in the prescribed way, the interacting field algebra Ay 
is defined as a subalgebra of the algebra X[e, gu, g2t, ■ ■ ■] of formal power series in the 't 
Hooft coupling parameters with coefficients in X[e]. 

The perturbative expansion of the interacting fields ()114|1 defined by the interac- 
tion (jHn|l as an element of Ay is organized in terms of Feynman graphs that are associated 
with Riemannian surfaces, where contributions from genus H surfaces are suppressed by a 
factor . To illustrate this in an example, consider the interacting field e^^'^{Tr (f))gy with 
cutoff interaction 6{x)V. In order to have a compact notation for the decomposition of 
the n-th order retarded product occuring in the perturbative expansion of this interacting 
field into contributions associated with Feynman graphs, we first consider a corresponding 
retarded product occurring in (pgy in the theory of a single scalar field with interaction 
9{x)V, where V = gcp^. Such a retarded product can be decomposed in the formjTH] 

RiViy^)---V{yn);m) = 9'' E Myi, . . . ,yn;x) : ^'ivi) ■ ■ ■ r^iVn) --h ■ (119) 

graphs r 

The sum is over all connected graphs F with 4-valent vertices yi and a 1-valent vertex x, 
and Cj is the number of external legs (i.e., lines with open ends) attached to the vertex 
yi. The rp are c- number distributions associated with the graph which are determined by 
appropriate Feynman rules. 

We now look at a correpsonding retarded product occuring in the perturbative expan- 
sion of the corresponding field e^/^(Tr (l))ey in the large N interacting quantum field theory 
with V = gTT(f)'^. By an analysis analogous to the one given in the proof of lemma 1, it 
can be shown that such a retarded product can be written as a sum of contributions from 
individual Feynman graphs as follows: 

e'/'RiViy,)...V{y^);Tr<p{x))=g: ^ E ^'^'^^ 

genera H graphs F 

■rriyi,...,yn,x) : Tr J]0(y,) ■ ■ -Tr ^^(y,) . (120) 
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The expression on the right side is to be understood as follows: gt is the 't Hooft cou- 
pling (j^T|) . The sum is over all distinct Feynman graphs F that occur in the corresponding 
expansion ()119|1 in the theory with only a single scalar field, and the c-number distribu- 
tions rr are identical to the ones appearing in that expansion. The sum over graphs is 
subdivided into contributions grouped together according to their topology specified by 
the genus, H, of the graph, defined as the number of handles of the surface y obtained 
by attaching faces to the closed index loops occuring in the given graph (we assume that a 
double line notation as described in section 3 is used for the propagators and the vertices). 
The external legs are incorporated by capping off each such external line connected to yk 
and ending on the index pair ij' with an "external current" (j)ij/{yk)- The external currents 
are collected in the normal ordered term appearing in eq. ()120|) . where each trace corre- 
sponds to following through the index line to which the currents within that trace belong. 
The number of traces in such a normal ordered term is denoted T, and the number of 
factors of is denoted /. 

The same remarks also apply to the perturbative expansion of the more general gauge 
invariant fields e^'-^^^'^^'^Ogv in the large N theory. A similar expansion is also valid for the 
corresponding fields without cutoff 6. Moreover, V may be replaced by an arbitrary (pos- 
sibly non-renormalizable) local interaction of the form ()117p . provided that the couplings 
are tuned in the large N limit in the manner prescribed in eq. pi8|l . 

5 Renormalization group 

Our construction of the interacting field theory given in the previous section is equally 
valid for interactions V that are renormalizable by the usual power counting criterion as 
well as for non-renormalizable theories. Let us sketch how the distinction between renor- 
malizable and non-renormalizable theories appears in the algebraic framework that we are 
working in. For simplicity, let us first consider the theory of a single hermitian scalar field, 
(f). We take the action of this scalar field to consist of a free part given by eq. (0), and an 
interaction given by = ^giOi, which might be renormalizable or non-renormalizable. 
(As above, Oi are monomials in and its derivatives.) The difference between renor- 
malizable V and non-renormalizable V shows up in the perturbatively defined interacting 
quantum field theory as follows: Our definition of interacting fields depends on a prescrip- 
tion for defining the Wick powers and their time ordered products in the free theory, which 
is given by a map T with the properties (tl)-(t8) specified in section 3. As explained 
there, these properties do not, in general, determine the time ordered products (i.e., the 
map T) uniquely, and this consequently leaves a corresponding ambiguity in the definition 
of the interacting fields. However, as first shown^^ in JUI; the algebra of interacting fields 

^^The constructions in JOI were actually given in the more general context of an interacting (scalar) 
field theory on an arbitrary globally hyperbolic curved spacetime. An explicit treatment of the special 
case of Minkowski spacetime was recently given in . 
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associated with interaction V constructed from a given prescription T is isomorphic to 
the algebra constructed from any other prescription, T', provided the interaction is also 
changed from V to V = J^di^iy where each of the modified couphngs g'^ is a suitable 
formal power series in the couplings gi,g2, . . . . Renormalizable theories are characterized 
by the fact that V always has the same form as V, modulo terms of the form already 
present in the free Lagrangian. 

If Oy are the interacting fields constructed from the interaction V using the first 
prescription for defining time ordered products in the free theory, and if Oy, are the 
fields constructed from the interaction V and the second prescription, then the above 
isomorphism, let us call it R, can be shown to be of the form 



where we have omitted the smearing functions for simplicity. The "field strength renormal- 
ization" constants Zij are formal power series in gi,g2, ■ ■ ■ ■ For renormalizable theories, 
one can show that there will appear only finitely many terms in the sum on the right 
side. The possible terms are restricted in that case by the requirement that the fields 
Oj on the right side cannot have a greater engineering dimension than the field Oi on 
the left side. In a non-renormalizable theory, no such restriction occurs. The map R 
together with the transformation V ^ V corresponds to the "renormalization group" in 
other approaches. Since the interactions V might be viewed as elements of the abstract 
vector space V spanned by the field monomials O, we may view the renormaliztion group 
as providing a map V ^ V. The subspace of renormalizable interaction vertices V E V 
thus correpsonds precisely to the largest finite dimensional subspace of V that is invariant 
under all renormalization group transformations. 

One can in particular consider the special case in which the alternate prescription T' 
is related to the original prescription, T, for defining the time ordered products in the 
free theory by a multiplicative change of scale (with multiplication factor A > 0), i.e., 
T' is given terms of T by eq. (I20j) . In that case, we obtain a family of isomorphisms 
R{X) labelled by the parameter A, together with one-parameter families g'^ = gi{X), V = 
'^gi{X)Oi and Zij{X) (for details, we refer to [ID])- By the almost homogeneous scaling 
behavior of the time ordered products in the free theory, eq. ()21|) . it the follows that 
each term appearing in the power series expansions of gi{X) and Zij{X) depends at most 
polynomially on In A. The functions A gi{gi, g2, . . . , X) define the "renormalization 
group flow" of the theory, which may be viewed as a 1-parameter family (in fact, group) 
of diffeomorphisms on V. Thus, our formulation of the renormalization group flow is 
that a given way of defining the interacting fields Oy (i.e., using a given renormalization 
prescription) is equivalent, via the isomorphism -R(A), to defining the fields Oy, via the 
"rescaled" prescription — denoted by "prime" — obtained from the previous prescription 
by changing the "scale" according to eq. (f^ . provided that the interaction is at the same 
time modified to V = J2 9iW^i- 




(121) 



J 
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We can re-express this renormalization group flow in a somewhat more transparent 
way by noting that, from eq. (j^UI) . the rescaled prescription (i.e., the "primed" prescription 
appearing in the renormalization group flow ()12Hl ) is given in terms of the original one 
(up to the isomorphism ax) simply by appropriately rescaling the mass, the field strenght 
and the coordinates in the time ordered products in the free theory. Thus, by composing 
R{X) with a\, we get the following equivalent version of our algebraic formulation of the 
renormalization group flow: Let Av{U) be the algebra of interacting fields smeared with 
testfunctions supported in a region t/ C M'^ of Minkowski space. Then px = -R(A) o ax is 
given by 



and is again an isomorphism, where we are now indicating the dependence of the algebras 
upon the mass parameter, m. Here, V^(A) = ^ A~'^^5'j(A)Cj, where di is the engineering 
dimension of the field Oi and 5, the engineering dimension of the corresponding coupling 
gi, and the functions Zij{X), gi{X) are as in eq. ()121|1 . Stated differently, the action of px 
is described as follows: If the argument of an interacting field is rescaled by A, this is 
equivalent via px to a redefinition of the interaction, V — > ^(A) together with a suitable 
redefinition of the field strength by the matrix X~'^^ Zij{X). We also note explicitly that 
eq. ()122|) makes reference to only one given renormalization prescription. 

An important feature of our algebraic formulation of the renormalization group flow 
is that it is given directly in terms of the interacting field operators which are members 
of the algebra Ay, rather than in terms of the correlation functions of these objects, as is 
normally done. Of course, one can always apply a state (i.e., a normalized linear functional 
on the field algebra) to the relation ()12H) and thereby obtain a relation for the behavior 
of the Green's functions under a rescaling. Our algebraic formulation makes it clear that 
the existence of the renormalization group flow is an algebraic property of the theory, i.e. 
it is encoded in the local algebraic relations between the quantum fields. It has nothing to 
do a priori with the vacuum state or e.g. the superselection sector of the theory. Besides 
offering a conceptually new perspective on the nature of the renormalization group flow, 
our algebraic formulation has the advantage that, since the construction is essentially of 
a local nature, it works regardless of what the infra-red behavior of the theory is. This 
makes the algebraic approach superior e.g. in curved spacetime jTO], where there is no 
preferred vacuum state, and where moreover the infra-red behavior of generic states is 
very difficult to control (and at any rate, depends upon the behavior of the spacetime 
metric at large distances). 

The statements just made for the theory of a single, scalar field carry over straightfor- 
wardly to a multiplet of scalar fields. In particular, they are true for the theory of a field 
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in the N C?> N representation of the group U{N) with action (f?^ . for any arbitrary but 
fixed N. 

The aim of the present section is to show that, for gauge invariant interactions, the 
algebraic formulation of renormalization group carries over in a meaningful way in the 
limit of large N, or more properly, that the renormalization group it can be defined 
in the sense of power series in e = with positive powers. For this, consider two 

different prescriptions T and T' for defining Wick powers and time ordered products 
in the free theory satisfying (tl)-(t8), as well as eq. (fT6|l . An explicit construction of 
such a prescription was given at the end of section 3, but we will not need to know the 
details of that construction here. For a given gauge invariant interaction V = Yldi^i ^ 
yinv (renormalizable or non-renormalizable) , let Ay respectively Ay be the algebras of 
interacting field observables constructed via the two prescriptions, each of which is a 
subalgebra of X[e, gu, g2t, ■ ■ ■], where ga are the 't Hooft couphng parameters related to 
the couplings gi in the interaction via formula ()118j) . Let the interacting quantum fields in 
these algebras be £:'^'/^"'""^(9v', respectively el'^l/^+'^Oy (T the number of traces), defined 
as formal power series in e and the 't Hooft parameters g^. 

Proposition 3. For any given V = Yldi^i ^ "1^™^ there exists a^V = Yld'i^i ^ "1^'"^ 
a *-isomorphism 

R:Av-^ Ay, (123) 
such that gl = g'^^s^i+\c>i\/2-2 ^rp, jg ^j^g number of traces in the field Oi), with 

9'it = 9'iti9it,92t,---,e) (124) 

a formal power series in g^ and e (i.e., containing only positive powers of e). The action 
of i? on a local field is given by 

Vz.,-5l^^l/^+^^0;.^„ (125) 

where Zij are formal power series in gu,g2t, ■ ■ ■ and e, and where Tj is the number of 
traces in Oi. [Recall that the e-normalization factor in expressions like e^^^^'^'^'^Oy in the 
above equation is precisely the factor needed to make the latter an element of Ay-] A 
similar formula holds for the time ordered products. 

Moreover, if the "prime" prescription is related to the "unprime" prescription via 
a multiplicative change of scale (with multiplication factor A), then each term in the 
expansion of g'it{X) and Zij{X) depends at most polynomially on In A, e.g., 

Z,,iX) = Yl ^^J,a.a2...hi^nX)gr,gT, ...e'' (126) 

ai,a2,...,h>0 

where the Zij^aia2...h are polynomials in In A. 



R : 



V 



40 



Proof. For any given, but fixed A^, one can show by the same arguments as in jllj that any 
two prescriptions T and T' for defining time ordered products with properties (tl)-(t8) 
are related to each other in the following way: 

T'[flf.oA=T(f[f,oA+ Yl T ms^j^^iH . (127) 

\i=l J \i=l J Ujlj={l,...,n} \ j kelj J 

Here, the following notation has been introduced: The sum runs over all partitions of the 
set {1, . . . , n}, excluding the trivial partition. The 6k are maps 

5k : ^ ^(M^; (128) 

characterizing the difference between T and T' at order k. The maps 6k have the form^^ 

k 

Sk{[[m) = J2Fk,^'^^, (129) 

i=l i 

where the functions j are of the form 

FkA^)= E c./'^^^-('^'=)n^(M.)^(^)' (130) 
(Ml)---(Mfe) 

with each (/ij) denoting a symmetrized spacetime multi index {fin . . . fiis), and with each 
Cfc,i^'^^-' ' *-^'''^ denoting a Lorentz invariant tensor field (independent of x). Let us define a 
yf yinvj-^^^ g2, . . .] (the spacc of formal power series in Qi with coefficients in V™^) by 

^' = }T^J2vMll^^n (131) 



fc>i 



where {6j} represents any series of cutoff functions that are equal to 1 in compact sets 
Kj exhausting M'^ in the limit as j goes to infinity. Then, for any given but fixed A^, 
the result 11^ establishes the existence of an isomorphism R between the algebras of 
interacting field observables associated with the two prescriptions satisfying eq. ()121|) for 
some set of formal power series Zij in gi, g2, . . ■ , where the fields in that equation are now 
given by gauge invariant expressions in V"^. 

In order to prove the theorem, we must show that the interaction V and the factors 
Zij appearing in the automorphism R have the A^-dependence specified by eqs. ()12H1 re- 
spectively ()120p . This will guarantee that the above automorphisms R defined separately 

^^Note that Si is not the identity, since we are allowing ambiguities in the definition of Wick powers, 
rather than defining them by normal ordering. 
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for each given rise to a corresponding automorphism of the interacting field algebras, 
viewed now as depending on e = as a free parameter. 

In order to analyze the A^-dependence of V, let us consider the prescription T" defined 
by T' when applied to k factors or more, and defined by eq. p27|) when applied to n < k — 1 
factors. Then, by definition, the prescriptions T and T" will agree on n < k — 1 factors, 
and 

T" (jl w}j w}j = J2 "^^iPk,), (132) 

where j is as in eq. ()130|) . If Si is the number of traces in the field then we claim 
that 

^^(Ffc,,,) = 0(l/iV^^+2fc-2-ET,+|o,|/2)^ (^33) 

where we recall that an algebra element A G Wj^^ given for all is said to be 0{1/N^) 
if it can be written as times a sum of terms of the form Wa{ta), with each ta G S'^^^ 

depending only on positive powers of Using eq. (|T5|l . eq. ()133|1 is equivalent to 

Fk,^ = 0(l/Ar^«+l*»l/2+2^-2-S^. + l<^.l/2). (134) 



Assuming that this has been shown, we get the statement ()120|1 about the iV-dependence 
of V by plugging this relation into eqs. ()128|1 . ()13()|1 and ()13H) . and using the definition 
of the 't Hooft couplings, eq. ()118|1 . In order to show ()134|1 . let us begin by introducing 
the "connected time ordered product" as the map T™""" : (g)'=^(M'^, V'""^) W'^^ defined 
recursively in terms of T by 

(n \ / " \ class / \ 

i=l / \i=l J {l,...,n}=U7 / J 

where the "classical product" -class is the commutative associative product on W]^^ defined 
by eq. ()94|1 . and where the trivial partition / = {1, . . . ,k} is excluded in the sum. By 
definition, we have T"™'^'^ = T™'^'^ when acting on n < k — 1 factors, because T" = T 
in that case. This implies that we can alternatively write ^j^j(-^fc,i) in eq. p32j) as 
the corresponding difference of connected time ordered products. By a line of arguments 
similar to the proof of eq. ()104|1 in lemma fusing that only connected Feynman diagrams 
contribute to the connected time ordered products, it can be seen that have 

yconn (f[f^o)j = ^(l/iV)^+2fc-2-ET, + |0,|/2 ^ 1^. (t, (®,/,) ) , (136) 
\i=l / j a={ai,...,aj) 

where each ta is a linear map 

ta : ^"^{R') ^ S[a\ (137) 
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which can contain only positive powers of A completely analogous estimate holds 

for T'"^"""^, with ta replaced by maps t'^ with the same property. By eq. ()132|) (with the 
time ordered products replaced by the connected products in that equation), we therefore 
find 

Y.MFk,) = Y.il/Ny^''-'-^^''-^''^^/' W^{s^), (138) 

i j a=(a\,...,aj) 

where we have set Sa = ta — t'^. We now write the expressions appearing on the left side 
as ^i(Ffc^j) = Wa{ua), where the distributions Ua are related to and F^^i via a relation 
of the form ()28j) and ()29|) . If we now match the terms on both sides of this equation and 
use the linear independence of the WaS, we obtain the desired estimate ()133|) . As already 
explained, this proves the desired A^-dependence of V. 

The proof that the field strength renormalization factors Zij in eq. (jl21|) have the 
desired A^-dependence expressed in eq. (I125|l is very similar to the proof that we have 
just given, so we only sketch the argument. For a given, but fixed A^, the factors Zij are 
defined implicitly by the relation 

■k ^ 

\\mY,yMfO.,ll^iV) = Y.Z,,fO,. (139) 
fc>o ■ j 

The desired A^-dependence of the field strength renormalization factors implicit in eq. ()125p 
is equivalent to 

Z,, (., g,,...) = ,lc^.l/2+T.-io,i/2-T, . ^^^.(^^ g^^^ g^^^ _ _ _ ^140) 

where Zij are formal power series in the 't Hooft parameters and e (i.e., depending only on 
positive powers of e), and where Tj is the number of traces in the field Oi. In order to prove 
this equation from the definition ()139j) . one proceeds by analyzing the A^-dependence of 
the maps in the same way as above. 

The desired po/?/nom«a/ dependence of the coefficients of Zij{X) and g'n{X) on In A when 
T' arises from T via a scale transformation follows as in ^U] from the almost homogeneous 
scaling behavior (PT|) of the time ordered prodcuts in the free theory. □ 

6 Reduced symmetry 

In the previous sections, we have constructed interacting field algebras associated with a 
f/(A^)-invariant action as a power series in 1/A^. Instead of considering f/(A^)-invariant 
actions, one can also consider actions that are only invariant under some subgroup. In 
the present section we will consider actions of the form eq. ()81|) in which the free part of 
the action is invariant under the full U (A^)-group, and in which the interaction term V is 
now invariant only under a subgroup G of the form 

6- = [/(A^i) X ■■■ X [/(A-fc) C f/(A^), (141) 
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where ^ = N. Since the perturbative construction of a quantum field theory with 
such an interaction involves Wick powers and time ordered products in the free theory 
that are not invariant under the full U{N) symmetry group but only under the subgroup, 
we begin by describing the algebra 



= {A G Wtv I au{A) = A, Vf/ e G} (142) 

of observables invariant under G of which these fields are elements. If we define Pa to 
be the projection matrix corresponding to the a-th factor in the product ()141|1 . then it is 
easy to see that is spanned by expressions of the form 



(143) 



Here, a represents a multi index (oi, . . . , a^), a represents a multi index (ai, . . . , a\a\), the 
I/s are mutually disjoint index sets with aj elements each such that Ujlj = {1, . . . , |a|}, 
and t is a distribution in the space S'^^ 

The large limit of the algebras can be taken in a similar way as in the case of 
full symmetry described in section 3, provided that the ratios 

Sa = Na/N (144) 

have a limit. As above, the large N limit is incorporated in the construction of a suitable 
algebra Xs[e], depending now on the ratios s = {si, . . . , Sk), of polynomial espressions in 
e whose coefficients are given by generators Wa^a{t)- To work out the algebra product 
between two such generators as a power series in £ = 1/A^, it is useful again to consider 
first the simplest case d = corresponding to the matrix model given by the action 
functional ()47|1 . and by considering the product of the matrix generators 



ai factors of M 



(145) 



corresponding to the algebra elements ()143|) . We expand the product of two such gen- 
erators in terms of Feynman graphs as in section 3, the only difference being that the 
vertices corresponding to the traces in eq. ()145|1 now also contain projection operators 
Pa- We take this into account by modifying our notation of these vertices by indicating 
also the projectors adjacent to the vertex. As an example, consider the generator with a 
single trace given by 

W^,i^a,,a,,a,) = ^ : Tr Pa,MPa,MPa,M : . (146) 
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This generator will contribute a 3-valent vertex drawn in the following picture: 



A closed loop of index contractions occurring in a diagram associated with the product 
Wa,a ■ Wb,p will contribute a factor of 

Tr I n P\ (147) 

\7e{a«,/3j} / 

where the product is over all projectors that are encountered when following the index 
loop. But the projection matrices are mutually orthogonal, P^iP^ = S^yP^, so this 
factor is given by A^-^ if the projectors in the index loop are all equal to some 7, and 
vanishes otherwise. If we let la be the number of index loops in a given graph containing 
only projections on the iVa-subspace, then we consequently get 

graphs Unes (fe, I) 

where the sum is only over graphs whose index loops contain only one kind of projectors, 
and where e = as usual. As in the previous section, W^^c arises from the graphs with 
loops containing cj external currents each, and c denotes the multi index (ci, C2, . . . ). The 
new feature is that each of these loops now also contains projection operators P^. 

As in the previous section, we can generalize the considerations leading to formula ()148|1 
to determine the product of algebra elements Wa,a(t),t G S'^^ when the spacetime dimen- 
sion is not zero. We thereby obtain a family of algebras Xs[e] depending analytically on 
the ratios s = (si, . . . , s^). Since by definition < < 1 and ^ = 1, the tuples s can 
naturally be viewed as elements of the standard {k — l)-dimensional simplex 

Ak-i = {(si, . . . , Sfc) G M'- I < s„ < 1, ^ s« = 1}. (149) 

Thus, our construction of the algebras associated with the reduced symmetry group yields 
a bundle 

ak-i : Afc_i ^ Alg, s ^ Xs[e] (150) 
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of algebras with every point of the standard {k — l)-symplex for every k. The parameters 
s interpolate continuously between situations of different symmetry. If A/ is a face of A^., 
(so that I < k), then the assignment fulfills the "self-similar" restriction property 

ak\ Ai = ai. (151) 

The extremal points of A^, (i.e., the zero-dimensional faces) correspond to full symmetry, 
i.e., the restriction of ak to these points yields the algebras X[e] constructed in section 3. 

We now repeat the construction of the interacting field algebras Ay, V = J^di^i^ 
with each Oi an expression in the field that is invariant under the reduced symmetry 
group. We denote the vector space of such formal expressions by 



Vr = span < O = n U^^A ■ ■ ■ d,^^)] ,ai = 1, . . . ,k\ , (152) 



(note that VJ"^^ can naturally be identified with V™^ in the notation introduced earlier). 
For an arbitrary but fixed A^, a gauge invariant interaction V = '^QiOi G V^'^^ gives 
rise to corresponding interacting quantum fields Oy and their time ordered products as 
elements in the corresponding algebra W^[(7i, (72, . . . ]. The limit N ^ 00 can be taken on 
the algebraic level in the same way as in the case of full symmetry described in section 4, 
provided that the ratios Sa = N^/N are held fixed, and provided that the couplings are 
tuned as in (jllSj) . This construction directly leads to an algebra Av,s of formal power series 
in e = 1/A^ as well as the 't Hooft couplings g^t of which the smeared normalized gauge 
invariant interacting fields e''^'''^^"^(9y (/) and their time ordered products are elements. 
The algebra Av,s is now a subalgebra of the algebra Xs[e, gu-, g2t-, ■ ■ ■] of formal power 
series in the 't Hooft couplings, with coefficients in the algebra 

We have constructed in this way a family algebra Av,s parametrized by deformation 
parameters s, i.e., a bundle 

av,k ■ Afc_i -> Alg, s Av,s, (153) 

where ^k-i is the (fc — l)-dimensional standard simplex ()149|) of which the s are elements. 
These deformation parameters smoothly interpolate between situations of different sym- 
metry as well as between different interactions. For example, si = 1, S2 = ■ ■ ■ = Sk = 
(i.e., Ni = N) corresponds to the extremal case of full symmetry, where only those terms 
in the interaction V G V^'^^ contribute that contain only projectors Pi associated with the 
A'^i-factor in the symmetry group. More generally, if A; is a face of A^, / < k then we 
have 

av,k \ A; = (Tv,i, (154) 

where it is understood that the appearing in av,i is the formal expression in V™^ 
obtained by dropping in \^ G V^°^ all terms containing projectors that are not associated 
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with the extremal points of A;. Using the restriction property ()154j) . one can also construct 
bundles of interacting field algebras over an arbitrary /c-dimensional {C^-) manifold X by 
triangulating X into simplices A;. 

As in the case of full symmetry, the perturbative expansion of the interacting fields 
^\o\/2+tq^ defined via an interaction V E V^"^ as an element of Av,s, s = (si, . . . ,Sk), 
is organized in terms of Feynman graphs that are associated with Riemann surfaces. 
Moreover, the faces of these Feynman graphs defined by the closed index loops are now 
"colored" by the numbers Sa- To illustrate this in an example, consider the interacting 
field ^^/^(Tr 0)6iy in case of 3 colors, k = 3, with interaction 9{x)V, where 6* is a cutoff 
function, and where we take V to be 

V{<P) = g Yl Tr(P„,0P«,0---P,„0), (155) 

a»e{l,2,3} 

In order to make things a little more interesting, we restrict the sum in this equation to 
sequences of colors (ai, . . . , a„) such that 

ai =^ a2 - ■ ■ ^ an ^ ai. (156) 

In the graphical notation introduced above this condition means that the vertices occur- 
ring in V are restricted by the property that adjacent projectors Pq,- (as one moves around 
the vertex) are different. 

A retarded product appearing in the perturbative expansion of e^/\TT(f))ev with V 
given by eq. p55|) . can now be written as a sum of contributions from individual Feynman 
graphs as follows: 

e'/'R{V{y^)■■■Viyn);^T<Pix))=g: H E Cc,r ■ s^^s^^sf^- 

genera H graphs F colorings C 

■£^/'+V(2/i,...,l/n;x) :Tr J]J]0(y,)P,^---Trnj]0(y,)P^^. :h. (157) 

i Oi j /3j 

The notation used in the expression is analogous to that in the corresponding equa- 
tion ()120|) in the case of full symmetry, with the following differences: The rp are the 
distributions appearing in the expansion of the interacting field in scalar ^"-theory. By 
contrast to eq. p20|) . there appears now an additional sum over colorings, C, over all ways 
to assign colors si, S2, S3 to those little surfaces in the big surface y associated with the 
Feynman graph not containing currents, in such a way that adjacent surfaces are never 
occupied by the same color (this corresponds to the property ()156p of V), and Fa is the 
number of such little surfaces colored by s^- The combinatorical factor Cr,c counts the 
number of ways in which a given coloring scheme can be produced by assigning the dif- 
ferent terms in V to the vertices. The external currents are again collected in the normal 
ordered term appearing in eq. ()157j] . where each trace corresponds to following through 
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the index line to which the currents within that trace belong, but there now appear also 
the projectors that are encountered when following through such an index line. A sim- 
ilar expansion can be written down for the interacting fields without cutoff ^, as defined 
in eq. (jHZ|). 

Thus, roughly speaking, the Feynman expansion of on interacting field £:^/^(Tr (j))y with 
interaction V given by ()155p differs from the corresponding expansion of 0y in the theory 
of a single scalar field with V = g(j)"' only in that the little surfaces in the graphs defined by 
the propagator lines are now colored according to the structure of the interaction V, and 
each coloring is weighted by the number Yl^ s^" where Fa is the number of little surfaces 
collored by a G {1,2,3}. The property p5fj|l of the interaction chosen in our example 
implies that only those graphs occur which can be colored by 3 colors in such a way that 
adjacent little surfaces have different colors. In other words, there cannot appear any 
Feynman graphs such that the associated surface cannot be colored by less than 4 colors 
in this way. Thus, by choosing the interaction V in the way described above, we have, in 
effect, suppressed certain Feynman graphs that would be present in scalar ^"-theory. 

7 Summary and comparison to other approaches 

In this paper, we have constructed perturbatively the gauge invariant interacting quantum 
field operators for scalar field theory in the adjoint representation of U{N), with an 
arbitrary gauge invariant interaction. These operators are members of an abstract algebra, 
whose structure constants, as we demonstrated, have a well-defined limit as — oo, or, 
more properly, are power series in 1/N, with positive powers (provided the coupling 
parameters are also rescaled in a specific way by suitable powers of 1/iV). In this sense, 
these algebras, and the interacting quantum fields that are the elements of this algebra, 
also possess a well-defined large N limit. We showed that the renormalization group flow 
can be defined on the algebraic level via a 1-parameter family of isomorphisms acting on 
the fields via a rescaling of the spacetime arguments, the field strength, and an appropriate 
change in the coupling parameters. That flow was shown to be a power series in 1/iV 
with positive powers, and hence has a large N limit. We also presented similar results in 
the case when the interaction of the fields is not invariant under U{N), but only invariant 
under certain diagonal subgroups. We did not address issues related to the convergence 
of the perturbation expansion or the expansion in 

Our motivation for investigating the formulation of the 1/A^-expansion in an algebraic 
framework rather than via Green's functions of the vacuum state — as is conventionally 
done — was that the algebraic formulation is completely local in nature and thereby by- 
passes potential infra-red problems, which can occur in the usual formulations via Green's 
functions in massless theories. Also, although we explicitly only worked in Minkowski 
space, we were strongly motivated by the fact that an algebraic approach is essential if 
one wants to formulate quantum field theory in a generic curved spacetime, where no pre- 
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ferred vacuum state exists. Actually, since our arguments are mostly of combinatorical 
nature, we expect that the present algebraic formulation of the 1/N expansion can be 
carried over rather straightforwardly to curved space. 

The algebraic approach presented in this paper is rather different in appearance from 
the usual formulation via Green's functions, so we would briefly like to explain the re- 
lationship between the two approaches. In the conventional approach, one considers the 
A^-dependence of the vacuum Green's functions^^ of gauge invariant interacting fields, 
Gn = ujq{Ov---Ov) associated with the interaction V. For example, for O = Tr0^, 
one finds that the corresponding connected Green's function GJf"" receives contributions 
of order N"^""^^ from Feynman graphs of genus H (assuming that the couplings in V are 
scaled by appropriate powers of 1/A^). Thus, the planar diagrams H = make the leading 
contribution at large A^, with G™"'^ ~ A^^, independent of n. 

If one wants to reconstruct from the Green's functions the Hilbert space of the theory 
and the interacting field observables as linear operators on that Hilbert space, one needs 
to consider not the connected Green's functions, but the Wightman Green's functions Gn 
themselves, since the latter enter in the Wightman reconstruction argument. Writing the 
Wightman Green's functions Gn in terms of G'j^'^^ via the usual formulae, one immediately 
gets that Gn ~ A^^". Hence, it is clear that, if one wants these constructions to be well 
defined at infinite A^, then one needs to consider the normalized fields A^~^Tr(/)^. Similar 
remarks also apply to more general composite fields, with appropriate powers of 1/A^ in 
the normalization factor, depending on the number of traces and the number of basic 
fields. These powers coincide precisely with the powers found in our algebraic approach 
(see eq. flll4|) ) by different means. The arguments that we have just given are of course 
only formal, because the reconstruction theorem, as it stands, is not really applicable in 
perturbation theory. Also, as we have already emphasized several times, the G„ may 
actually be ill defined because they may involve infra-red divergent integrations over 
interaction vertices (in massless theories). The methods of this paper, on the other hand, 
give a rigorous construction of the field theory at the algebraic level that, by contrast to 
the formulation via Green's functions, should also be applicable in curved spacetimes. 

It is a trivial consequence of the large A^-behavior of the connected Green's functions 
that, in the large A^ limit, the Wightman Green's functions Gn of the suitably normalized 
field operators factorize into 1-point functions, (j„(xi, . . . , x„) ~ G'i(xi) ■ ■ ■ G'i(x„). Thus, 
it is formally clear that the large A^ theory is abelian, i.e., the field commutators vanish. 
This can be seen explicitly in our algebraic framework, since the commutator of any two 
(suitably normalized) interacting fields is seen to be of order A^~^. Thus, the algebra Ay of 
interacting fields is abelian in the large A^ limit, and consequently the representations are 
degenerate. This behavior can be nicely formalized in the algebraic framework by viewing 

^''One normally considers time ordered Green's functions, but the arguments do not depend on the 
time ordering and therefore also equally apply to the Wightman functions, which we prefer to consider 
here. 
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Ay as a Poisson algebra^^, with antisymmetric bracket defined by { . , . } = A^^[. , .]. In 
the hmit of large A^, that Poisson algebra becomes abehan, as is also the case for the 
classical limit^^ h (the appropriate definition of the Poisson bracket in that case 
being {., •} = {ih)~^[., .]). Thus, it is seen clearly at the algebraic level that there 
exist formal similarities between the large N limit and the classical limit, and that, in 
particular, the large N limit of a field theory does not define a quantum field theory 
in the usual sense, but rather a Poisson algebra. We note that the large limit can 
thereby be interpreted, within our algebraic framework, as some kind of "deformation 
quantization" pp, the deformation parameter being 
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